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Arbitrary control of non-Hermitian skin modes via disorder and an electric field
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The non-Hermitian skin effect (NHSE), characterized by the accumulation of a macroscopic number of bulk
states at system boundaries, is a hallmark of non-Hermitian physics. However, in higher dimensions, achieving
deterministic control over where skin modes accumulate remains a major challenge. Here, we propose a versatile
route to program the skin-mode localization site in two-dimensional non-Hermitian lattices by combining
disorder with a static electric field. While the electric field alone suppresses the NHSE in a clean system,
the introduction of disorder induces transverse wave-packet transport perpendicular to the field. In nonrecip-
rocal lattices, when the nonreciprocal hopping is misaligned with the electric field, the hopping component
perpendicular to the field guides wave-packet propagation and produces boundary localization. By tuning the
relative orientation between the electric field and the nonreciprocal hopping direction, the boundary localization
position can be continuously and arbitrarily controlled. We further demonstrate distinct geometry-dependent
manipulation of skin modes in reciprocal lattices, where controllable boundary localization emerges solely
from the lattice geometry. Our results establish a robust and broadly applicable route to engineer boundary
accumulation and directed transport along prescribed directions in two-dimensional non-Hermitian systems,
enabling reconfigurable wave routing in classical platforms and programmable transport functionalities in

quantum settings.
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I. INTRODUCTION

Non-Hermitian systems, described by Hamiltonians incor-
porating nonconservative processes such as gain and loss,
have emerged as a fertile platform for uncovering unconven-
tional physical phenomena [1,2]. By challenging conventional
notions of symmetry, topology, and dynamics, they have
spurred intense theoretical and experimental exploration in
recent years [3-33]. Among the most striking manifesta-
tions is the non-Hermitian skin effect (NHSE), where a
macroscopic number of eigenstates accumulate at system
boundaries [6—-10], rooted in the point-gap topology of the
complex eigenenergy spectrum. The NHSE gives rise to
diverse physical phenomena, including the breakdown of
bulk-boundary correspondence [6-8], directional amplifica-
tion of excitations [34-36], unconventional critical behavior
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[37-39], and the emergence of exotic photon-emitter dressed
states [40].

The NHSE, with its localization of skin modes, exhibits
significant controllability through diverse physical parame-
ters. In one-dimensional (1D) systems, key control knobs
include external electric fields [41], impurity [42,43], nonlin-
earity [22,27,44], and disorder [21,45,46]. Extending to two
dimensions, external magnetic fields provide an additional
powerful handle, capable of either enhancing or suppressing
the NHSE [47-49]. Despite this progress, existing approaches
mainly tune whether the NHSE appears and how strongly
modes localize. In contrast, the more demanding goal, deter-
ministic, programmable control of the localization direction
and the ultimate accumulation site in higher dimensions, re-
mains largely open. This motivates a central question: Can
skin-mode accumulation in a two-dimensional (2D) system be
engineered to follow an arbitrary, designer-specified direction,
and thereby be routed to a selected position along a given
one-dimensional boundary? Achieving such spatially pro-
grammable control of the skin-mode destination would enable
reconfigurable wave steering and transport across classical
and quantum platforms, including directional signal routing,
selective energy deposition, and robust propagation along pre-
scribed directions in 2D media.

In this paper, we realize deterministic control of 2D skin-
mode boundary localization by combining random on-site
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FIG. 1. (a) Schematic of the 2D Hatano-Nelson model with nonreciprocal hopping, subject to a static electric field F, oriented at an
angle ¢ (magenta arrow), and random on-site disorder. The nonreciprocal hopping direction (green arrow) is encoded in the vector g =
(gcos@, gsin®). (b) Center of mass (x(#)) and (y(#)), in the clean limit (§ = 0), at different 6 € (—m, 7] (red arrows indicate increasing 6)
and grouped into quadrants I-IV. The initial Gaussian wave packet is centered at r = (0, 0) on a 61 x 61 lattice with g/J/ =1 and F/J =0,

evolvedup toty =

207; with T; = 2m /J. (c) Time evolution of the center of mass (r(¢)) [red solid (blue dashed) line denotes x (y) component]

in the clean limit (¢ = 0), for (g/J, 0, F/J, ¢) = (1,7 /4,0,0), with time in units of 7. (d) (r(z)) under a finite electric field F/J = 0.8

oriented at ¢ = 7 /4, with time rescaled by 7, = 2x /F,.

disorder with a static electric field. In disordered Hermitian
systems, such a field induces Anderson-Stark physics, includ-
ing power-law localization [50] in 1D and diffusion persisting
over algebraically long timescales, ultimately leading to con-
finement within a finite region of the lattice [51]. In contrast,
in 2D nonreciprocal non-Hermitian lattices, the interplay be-
tween disorder and the electric field unlocks a qualitatively
different functionality. While the electric field alone typically
suppresses the NHSE via Stark localization, we show that the
disorder induces effective coupling among localized Wannier-
Stark states, and when combined with nonreciprocal hopping,
it rectifies the transverse dynamics into a net drift perpendicu-
lar to the field due to NHSE-induced Anderson delocalization
along the transverse direction. This allows wave packets to be
localized at arbitrary positions along the boundary by simply
tuning the relative orientation of the field and the nonrecip-
rocal hopping direction. Moreover, we show that analogous
boundary localization control is achievable even in reciprocal
lattices, where NHSE typically depends sensitively on lattice
geometry, thereby extending the scope of programmable steer-
ing beyond the conventional nonreciprocal setting. Overall,
our results reveal a synergistic interplay among the NHSE,
disorder, and static electric fields that enables precise and pro-
grammable control over the boundary localization position,
capabilities not available in previously studied non-Hermitian
settings, and provides a simple and broadly applicable route
to steer wave transport along designer-specified directions
beyond the limits of Hermitian systems.

This article is organized as follows. In Sec. II, we in-
troduce a two-dimensional extension of the Hatano-Nelson
model under a static electric field and random on-site disorder,
and show how their interplay enables flexible control of the
boundary localization of skin modes. In Sec. III, we extend the
discussion to reciprocal non-Hermitian lattices, where we ex-
plore geometry-dependent manipulation of skin modes under
the combined effects of disorder and an external field. Finally,
Sec. IV provides a summary of the main results and an outlook
for future work.

II. NONRECIPROCAL MODEL

We first consider a 2D extension of the Hatano-Nelson
model [52], subject to a static electric field and random on-site

disorder, as shown in Fig. 1(a). This nonreciprocal model is
defined on a square lattice, governed by the Hamiltonian

A=Y Jptlee+ Y (F-v)efee+ Y EVicler, (1)
/ r r

where ¢ and ¢ denote the creation and annihilation
operators at the lattice site r = (x,y) and (r,r’) repre-
sents a pair of nearest-neighbor sites. The nonreciprocal
hopping amplitudes along the x and y directions are specified
as

+g,
Jayh). @y = Je*, ()

where g, = gcosf and g, = gsinf. The propagation direc-
tion dictated by the NHSE is thus controlled by the angle
0 [see green arrow in Fig. 1(a)]. The external electric field
term, F - r, introduces a position-dependent potential along
both the x and y directions, with the field F = (F;, F,) =
F(cos ¢, sin ¢) oriented at the angle ¢ [see magenta arrow
in Fig. 1(a)]. The term £V, represents the random on-site
potential with V;. € [—1/2, 1/2] and disorder strength &.

+gx
Jatt ),y = Je 5,

A. Field-induced suppression of NHSE in pristine lattice

Prior to addressing the combined impact of the electric
field and disorder on skin-mode localization, we investigate
the clean case (§ = 0) to clarify how the electric field alone
modifies the NHSE.

Starting from an initially localized Gaussian wave packet
[W(0)) = 3, ¥ (0)|r), with ¥,(0) = e~ /7" and width
o =2 centered at r = (0, 0), the normalized time-evolved
state |\U(¢)) is given by

e M 9(0))
() = —— 3)
e~ W (0]
We characterize its motion by tracing the center of mass
(r()) = (YOIF|W(@)). “

In the absence of an electric field, the dynamics is domi-
nated by the NHSE. Consequently, the wave packet localizes
either along an edge (only for & = 0, £7 /2, ) or at a corner,
as reflected in the long-time center of mass (r(¢)) shown in
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Fig. 1(b). A representative trajectory for 8 = /4 is shown
in Fig. 1(c), where the wave packet propagates toward the
boundary and eventually becomes confined in the corner,
without backpropagation, due to the NHSE.

A static electric field qualitatively alters the localiza-
tion properties of the skin modes due to the emergence of
field-induced Stark localization [53]. To investigate this ef-
fect, we analytically obtain the time-evolved state |W(z))
by solving the Schrédinger equation i, |W(¢)) = I-?|\I/(t)) for
the disorder-free Hamiltonian H in Eq. (1). As derived in
Appendix A, the time-evolved state is expressed as

1
Y(t)) = — r(Dr), 5
(1)) W;w()m Q)
with
Yelt) =57 (=) IO (20) Ty (zy)

o« e—i[(x’+x)‘/7x+(y,+y)(ﬂy]I/fr’(O) (6)

where Yo = Fat/z (@ =x, Y), la = 4J|Sin(Fat/2)/Fot|’ Tn(2)
denotes the Bessel function of the first kind, and A is the
normalization coefficient.

According to Eq. (6), when z, = 0, the Bessel function
reduces to Jy—y(0)Jy—y(0) = & 8y,y, so that only r =1’
contributes to the sum. Hence, at these special times, the wave
packet revives and returns to its initial position. More broadly,
a static electric field produces Wannier-Stark localization [53],
which confines the dynamics in real space and suppresses
long-range intersite transport even for strong nonreciprocal
hopping. As a result, the electric field suppresses the NHSE
by preventing the wave packet from developing a net drift
and accumulating at the boundary. Instead, the system dis-
plays modified Bloch oscillations shaped by the nonreciprocal
hopping: Rather than being advected unidirectionally toward
an edge, a bulk-initialized wave packet stays Stark localized
and undergoes bounded oscillatory motion within the bulk, as
shown in Fig. 1(d).

B. Interplay of electric field and disorder

We have demonstrated that the static electric field sup-
presses the NHSE in the 2D nonreciprocal lattice. We now
extend our study to include random on-site disorder. In non-
Hermitian systems without an electric field, disorder competes
with the NHSE, leading to a skin-Anderson transition and
distinct dynamical phenomena [52,54-56]. Here, we show
that, in the 2D nonreciprocal systems, the interplay between
disorder and a static electric field enables control over the
propagation direction of skin modes, allowing precise manip-
ulation of their localization position along the boundary.

To intuitively understand the role of disorder in the direc-
tional hopping under both nonreciprocal hopping and a static
electric field, we rewrite the Hamiltonian in Eq. (1) in the
biorthogonal modified Wannier-Stark basis |¥,, ,) and [Woin)
in the thermodynamic limit (see details in Appendix B) as

I‘? S Z (Fxm + F;rn)|\pm,n) (\pm,n|

m,n

+ Z Z V(m,n),(m’,n’)|‘ym,n) (lpm’,n’|s (7)

m,n m',n'

where the disorder-induced couplings are given by

V(m.n),(m/,n/) Zg Z Vx,yu%c—m(yx)tjy—n(yy)

X,y

X T Vi) Ty—n (¥y), ®)

with y, = —2J/F, (¢ = x,y). The right and left Wannier-
Stark states are

[Won) = Y exp(gex + &N Tem (V) Trn(r)Ix, 30, (9)

X,y

W) = D exp(—gex — ) Tem (Y Ty-n(1)IX, ¥).-

X,y
(10)

As indicated by the effective coupling in Eq. (8), ran-
dom on-site disorder facilitates hopping between localized
Wannier-Stark states, thereby effectively opening additional
transport channels. Meanwhile, the nonreciprocal hopping in-
troduces directional bias in this transport, as indicated by our
numerical results below.

We now numerically examine the dynamical evolution of
center of mass and the spreading dynamics of a Gaussian
wave packet centered at the origin under an electric field with
F/J = 1.5 and random on-site disorder £ /J = 1.0. The wave
spreading is quantified by the second moment of wave-packet
distribution

(1)) = (W) |¥(@)). (11)

We define the unit vectors parallel and perpendicular to the
electric field as ry = (cos ¢, sin¢) andr; = (—sin¢, cos ¢),
and evaluate the corresponding parallel and perpendicular
components of the second moment (r?(¢)). The second mo-
ment scales as (r’(¢)) ~ t#, with 8 determining the transport
regime: subdiffusive (0 < 8 < 1), diffusive (8 = 1), superdif-
fusive (1 < B < 2), and ballistic (8 = 2).

We consider that the nonreciprocal system is subject to the
static electric field and random on-site disorder. Specifically,
we consider two representative cases, § = ¢ and 8 = 7 — ¢,
where the direction defined by the vector g, which sets the
propagation direction associated with the NHSE, is either
parallel [Fig. 2(a)] or antiparallel [Fig. 2(b)] to the electric
field F. We calculate the time evolution of the wave-packet
center of mass, (x(¢)) and (y(¢)), for an initially Gaussian
wave packet centered at the origin. As shown in Figs. 2(a)
and 2(b), the wave packet remains localized along the field
direction, with its center exhibiting a slight displacement from
the origin induced by the nonreciprocal hopping. In contrast,
along the direction perpendicular to the field, the wave packet
spreads diffusively over a finite time window, as indicated
by the time-dependent second moment (r?(¢)) in Figs. 2(f)
and 2(g). In this configuration, the wave packet shows no net
directed drift toward the boundary, but is confined within a
finite region of the lattice.

When the direction of g deviates from being parallel or
antiparallel to F, qualitatively distinct dynamics emerge. As
shown in Figs. 2(c)-2(e), the trajectories of (x(¢)) and (y(¢))
reveal that the component of g parallel to the electric field
induces only a slight shift of the wave-packet center from
the origin and does not contribute to long-time transport.
In contrast, the component perpendicular to the field drives
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FIG. 2. (a)—(e) Time-evolution trajectory of the center of mass, (x(¢)) and (y(¢)), for an initially Gaussian wave packet centered at the
origin, under an electric field with F/J = 1.5 and random on-site disorder £ /J = 1.0. The nonreciprocal hopping strength is fixed at g/J = 1.
The nonreciprocity direction and the electric-field orientation are chosen as for (0, ¢) = (7 /4, 7 /4) [panel (a)], (r /4, —3m /4) [panel (b)],
( /4, /12) [panel (¢)], (;r /4, 57 /12) [panel (d)], and (v, 7 /4) [panel (e)]. Circle color encodes time in units of the Bloch period 7 = 27 /F .
Insets show the corresponding probability density distributions after long-time evolution. (f)—(j) Corresponding time-resolved second moment
(r?(t)), where red solid and blue dashed lines denote components parallel and perpendicular to the electric field, respectively. All results are

averaged over 1000 disorder realizations.

asymmetric diffusive spreading toward the boundary due to
NHSE-induced Anderson delocalization along the transverse
direction. This process causes the wave packet to drift gradu-
ally and eventually become localized at the system boundary
[see Figs. 2(c)-2(e) and the corresponding second moment
(r’(¢)) in Figs. 2(h)-2(j)]. The transport direction of the
wave packet is primarily determined by the component of
g perpendicular to the electric field, indicating that the final
localization position can be tuned by the field orientation.
This behavior highlights the remarkable interplay among the
NHSE, disorder, and electric field in controlling the transport
of wave packets in 2D nonreciprocal non-Hermitian systems.

C. Versatile control of mode localization

We now systematically investigate how the wave-packet
transport and localization direction can be tuned via the
combined effects of the nonreciprocal hopping, disorder, and
electric field.

Figures 3(a)-3(d) show the long-time center of mass (r(#))
of an initially localized Gaussian wave packet at the origin,
plotted as a function of the field orientation ¢ [panel (a)],
nonreciprocity strength g [panel (b)], field strength F' [panel
(c)], and disorder strength & [panel (d)]. When the nonrecip-
rocal hopping parameter g, with 6 = /4, is fixed, varying the
direction of the applied electric field allows the wave packet
to localize at arbitrary positions along the boundary of the
upper-right quadrant [see Fig. 3(a)].

Furthermore, when the directions of F and g are fixed,
numerical simulations reveal that boundary localization oc-
curs only when the nonreciprocity strength g [see Fig. 3(b)],
field strength F [see Fig. 3(c)], or disorder strength & [see
Fig. 3(d)] is tuned to appropriate values. In addition, the

ultra-long-time evolution results further confirm that these
wave packets remain well localized at the boundary (see de-
tails in Appendix C).

To further verify this boundary localization, we analyze the
inverse participation ratio (IPR), defined as

IPR() = ) [r|w(e)[*. (12)

For an extended eigenstate W(t;), IPR(#;) 2~ 1/(L,L,), which
vanishes as N — oo, whereas for a state localized on M <«
L.L, sites, IPR(#;) ~ 1/M and thus remains finite in the ther-
modynamic limit.

In Figs. 3(e)-3(h), we plot the long-time IPR as a function
of ¢ [panel (e)], g [panel (f)], F [panel (g)], and & [panel
(h)]. The insets show the corresponding probability-density
distributions for the states with the smallest IPR. These results
confirm that the wave packet becomes localized after long-
time evolution, consistent with the conclusions drawn from
the long-time center-of-mass behavior (r(#)).

These results highlight the synergistic interplay among
the nonreciprocal hopping, disorder, and static electric field,
which together enable precise control over the localization
position of the wave packet in 2D non-Hermitian systems,
a capability unattainable in conventional settings. This inter-
play provides a versatile mechanism for engineering tunable
boundary accumulation in realistic and disordered systems.
Note that, while our analysis focuses on non-Hermitian
Hamiltonians, we demonstrate that similar dynamics can
arise in open quantum systems (see Appendix D), where
coherent-dissipative interplay generates effective nonrecipro-
cal hopping.
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FIG. 3. (a)-(d) Trajectories of the center of mass, (x(#;)) and (y(#)), of an origin-centered Gaussian wave packet after long-time evolution
under nonreciprocal hopping, electric field, and random on-site disorder vs field orientation ¢ [panel (a)], nonreciprocity strength g [panel (b)],
field strength F' [panel (c)], and disorder strength & [panel (d)]. Insets mark the NHSE (green) and field (magenta) orientations. Colors denote
the varied parameter (increasing along red arrows). Parameters used are g/J = 1.0, F/J = 1.5, &/J = 1.0, and #; = 2073, with 6 = /4 in
panel (a) and (0, ¢) = (7t /4, w/3) in panels (b)—(d). (e)—(h) IPR of the evolved states at time #;. The insets show the corresponding probability
density distributions for the states with the smallest IPR. All results are averaged over 1000 disorder realizations.

III. GEOMETRY-DEPENDENT MANIPULATION
OF SKIN MODES IN RECIPROCAL LATTICE

We have revealed the versatile control of skin-mode lo-
calization in nonreciprocal systems via the electric field
and disorder. Beyond the nonreciprocal case, the NHSE can
also arise in reciprocal systems [57-59]. Unlike in non-
reciprocal 2D systems, the NHSE in reciprocal lattices is
inherently geometry dependent [57]: The interplay between
lattice symmetry and spectral reciprocity causes skin modes
to accumulate at specific crystalline interfaces under open
boundaries. We now demonstrate the geometry-dependent
manipulation of skin modes in a reciprocal lattice via the
electric field and disorder.

We consider a 2D reciprocal non-Hermitian lattice subject
to disorder and an external electric field, described by Hamil-
tonian

A =Y (@l ey + He) + Ayl 8y + Hel

X,y

+ Y [Fx+ Fy)e] boy + EViyel evy],
X,y

13)

where J; and J, are complex coupling strengths along the x
and y directions.

Without disorder and an electric field, the system ex-
hibits a geometry-dependent skin effect [57], as shown in
Figs. 4(a) and 4(b) for square and triangular geometries.
The spatial distribution of all eigenstates is characterized by
W(r) = %Zﬁzl |, (r)|?, where v,(r) are normalized right
eigenstates and L is the total number of eigenstates. While
the square geometry hosts extended eigenstates, up- and

down-triangle geometries exhibit localization along the
slanted edge.

Upon introducing both disorder and an electric field, we
compute the time-evolution of the center of mass, (x(¢)) and
(y(t)), for an initially localized wave packet [Figs. 4(c)—4(f)].
In the square geometry, the wave packet remains confined
along the electric-field direction and spreads diffusively
within a limited time in the transverse direction [Fig. 4(c)].
In contrast, in up- and down-triangle geometries under vari-
ous field orientations, the wave packet drifts and ultimately
accumulates along the slanted edge perpendicular to the field
[Figs. 4(d)-4(f)]. These results demonstrate that the interplay
among lattice geometry, disorder, and electric field enables
geometry-dependent manipulation of wave-packet dynamics
and the localization position of skin modes in 2D reciprocal
non-Hermitian systems.

IV. CONCLUSION

To summarize, we have demonstrated arbitrary manipula-
tion of the NHSE and versatile control over the localization
position of skin modes by utilizing random on-site disorder
and a static electric field in 2D lattices. We show that the elec-
tric field suppresses the NHSE in clean lattices. Remarkably,
in nonreciprocal lattices, the interplay between nonreciprocal
hopping, disorder, and the electric field allows precise con-
trol over the direction of wave-packet localization, enabling
boundary accumulation at arbitrary positions by tuning the
electric-field orientation and nonreciprocal hopping. We fur-
ther uncover a distinct, geometry-dependent route to control
skin modes in reciprocal lattices: Whereas boundary local-
ization is usually dictated by the lattice geometry, here it
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FIG. 4. Spatial distributions of eigenstates W (r) for the square geometry [panel (a)] and the up- and down-triangle geometries [panel
(b)], with color bars indicating intensity. (c)—(f) Time-evolution trajectories of the center of mass, (x(¢)) and (y(¢)), for an initial wave packet
located at the site marked by the magenta arrow. Results are shown for (c¢) the square geometry with (F/J, ¢) = (2.5, 7/3) and for (d)—(f)
triangle geometries with (d) (2.0, w/24), (e) (2.5, 7 /3), and (f) (4.0, 77 /12). Circle color denotes time in units of 75 = 27 /J. Insets display
the probability density distributions after a long-time evolution. Parameters: J = 1, J, = 1.0/, J, = 0.5iJ,§/J = 0.5,and L, x L, = 61 x 61.

All results are averaged over 1000 disorder realizations.

can be reconfigured through the combined action of disorder
and a static electric field, enabling geometry-dependent and
programmable control of skin-mode localization position.

Overall, our results establish a unified framework for un-
derstanding and manipulating the combined effects of NHSE,
external fields, and disorder, with direct implications for wave
control and transport along prescribed directions across clas-
sical and quantum platforms, for example, directional signal
amplification, reconfigurable wave steering, and robust en-
ergy delivery beyond the constraints of Hermitian systems.
The proposed mechanism is readily implementable in clas-
sical platforms [60—63] and ultracold-atom systems [64,65],
where NHSEs have already been observed. In photonic lat-
tices, the effective electric field can be engineered via light
intensity-controlled refractive-index gradients [66] or fem-
tosecond laser direct-written waveguide arrays [67], while
in ultracold atoms it can be realized using tilted optical
lattices [68,69].

Beyond near-term experimental tests, our work opens
multiple directions for exploring non-Hermitian physics en-
abled by programmable skin-mode control, including the
roles of different disorder classes, nonlinearity, many-body
interactions, and quasicrystalline geometries, as well as
device-oriented applications such as directional wave ampli-
fication and adaptive wave routing along designer-specified
directions.
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APPENDIX A: ANALYTICAL DYNAMICS
IN THE ABSENCE OF DISORDER

In the absence of disorder, the evolving dynamics of the
two-dimensional Hatano-Nelson model under a static electric
field can be analytically solved. The disorder-free Hamilto-
nian is given by

A=) Jewtite + Y (F-r)éfe. (A1)
r

(r.r’)
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The hopping asymmetry can be gauged away via the simi-
larity transformation

S=exp| ) —(gx+g»el uy |- (A2)
X,y
which acts as
86,87 = exp(g.x + €,)Cxy, (A3)
Sel 87" = expl—(gux + gyy)lel . (A4)

Under this transformation, the transformed Hamiltonian
H' = SH;S~! becomes Hermitian,

A =73 3 (r+38+Hc)+ Y (F-r)r)r|.

rSe(k.§) r
(A5)
The time-dependent Schrodinger equation

i0,|W(1)) = Hy|W(1)) (A6)

is therefore mapped to
i0,| (1)) = H'|d()), (A7)

with the relation

(W) =57 [2(0)). (A8)

To obtain the exact wave-packet dynamics |®(¢)) in
Eq. (A7), we expand the state in the real-space basis,

(1)) =) ¢r(®)Ir). (A9)
The amplitudes ¢, (¢) satisfy

d
la‘br(t) =J Z [rs@) + drs(@®)] + (F - 1) (r). (A10)
8=%.§
Next, we introduce the rotating-frame transformation
$e(t) = e TTC(1), (A11)

which removes the linear potential term and yields

) i i
i~ Coy(®) =] Zy [67 5 Copr y (1) + €7D Crypa (1)

+ PGy () + P Cy ()] (A12)
We then perform the discrete Fourier transform
1 .
Ce(t) = —= ) e *TC(1), (A13)
k «/ﬁ Xr: r

where N is the total number of lattice sites. The evolution
equation in momentum space becomes

%Ck(t) = —2iJ[cos(k, — Fit) + cos(k, — F,1)]C (?).
(A14)

Its solution can be obtained by integrating ¢ over two sides
given by

t
Ce(t) = Ce(0)exp | —2is f Z cos(ky, — Fut') |dt’

aefx,y}
(A15)
Using the integrals
! in(Fyt
Uy (1) = / cos(Eyrydr’ = S0y 1)
0 Fa
and
! 1— F,t
Volt) = / sin(Fyt'ydt’ = —— 0l (A17)
0 Fa

Eq. (A15) can then be rewritten as

Ci(t) = Gi(0) exp | —2i Y (sinky Va(t) + €08 kalda (1))

=X,y
(A18)
Defining the amplitude and phase
2|sin(Fyt/2
Aa(t) = JUZ +V2 = % (A19)
@) t Ve Fat (A20)
o(t) = arctan | — | = —,
v U,) = 2
the solution takes the compact form
G (1) = G (0) H exp[—2iJAy cos(ky — @y)].  (A21)
oa=x,y
Using the Jacobi-Anger expansion
oo
exp(—izcosf) = Z (i)' Tu(2)e™, (A22)

n=—00

with the Bessel function [J,(z) of the first kind, and per-
forming a Fourier inversion, we derive the exact real-space
amplitude

Ge(t) =Y (=) ™I T (@) Ty (2y)

x exp(—i[(x" — V)px + ¢ — Ve, DCr (0),  (A23)
where z, (1) = 2JA, (1) = 4J|sin(Fyt /2)/Fy|.
Restoring the original frame, we have
Pe(t) = Y (=) DT (@) Ty (2y)
x exp(—i[(x' + X)gx + O +Y)g,Dgr (0),  (A24)

where ¢ (0) = C(0) fort = 0.
Finally, applying the inverse similarity transformation, the
evolving state of the original non-Hermitian Hamiltonian is

1
|W()) = Vi > Ye@)lr), (A25)
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FIG. 5. Time-resolved center of mass (r(¢)) obtained numerically (top panels) and analytically (bottom panels), for an initial state v,/ (0) =
8y o centered at the origin on 61 x 61 square lattice. Left: F//J = 0.8 with 6 = /4 for different values of ¢. Right: F/J = 1.5 with ¢ = /4
for different values of . Time is measured in units of 7, = 27 /F,. Other parameter used is g/J = 1.0.

with
Ve(t) =87 Y (=) I T (20 Ty ()

x exp(—i[(x" + X)px + (' +Y)gy D (0),  (A26)

where ¢, = Fyt /2 (@ = x,), 24 = 4J|sin(Fyt/2)/F,|, and N
being a normalized coefficient.

According to Eq. (A26), the external electric field sup-
presses the NHSE, counteracting the wave packet’s localiza-
tion at the boundary despite strong nonreciprocal hopping.
This suppression transforms the dynamics into modified
Bloch oscillations due to nonreciprocal hopping. Instead of
being driven unidirectionally to the boundary, a bulk-localized
wave packet becomes confined to oscillate within the bulk.
Under a strong field, these oscillations can fully return the par-
ticle to its initial position, manifesting as Stark localization.

To illustrate the influence of the electric field in more de-
tail, we consider the evolution of a particle initially localized
at the origin with ¥+(0) = y 0. The time-dependent wave
function then reduces to

Yy () = exp(gex + &) (—i) ™ T (2 (1) Ty (2y(1))
x exp[—i(xFyt /2 + yFyt /2)], (A27)
with the corresponding probability density
Py (1) = expl2(g.x + &)1 T (2:(0)) T} (2y(1) /N . (A28)

The center-of-mass motion is given by

(r(®) = > _rP(t). (A29)

Figure 5 compares direct numerical simulations (top pan-
els) with exact analytical results (bottom panels), showing
excellent agreement across all parameter regimes. The wave
packet does not drift toward the boundary but instead exhibits
modified Bloch oscillations induced by the nonreciprocal hop-
ping. Even in the regime of strong nonreciprocity and weak
electric field, the Stark effect produces oscillatory motion,
causing the wave packet to periodically return to its initial
position for ¢ = +m /4, or to positions close to the initial one

for ¢ # +m /4. This behavior demonstrates that the electric
field alone suppresses the NHSE.

APPENDIX B: EXPANSION OF THE FULL HAMILTONIAN
IN THE BIORTHOGONAL WANNIER-STARK STATES

In this Appendix, we analytically construct the biorthog-
onal Wannier-Stark states of the disorder-free system in the
thermodynamic limit and employ them to expand the full
non-Hermitian Hamiltonian. This representation provides a
transparent picture of how disorder couples localized Stark
states in the presence of nonreciprocal hopping.

We begin with the Hermitian Hamiltonian A’ in Eq. (A5).
Expanding its eigenstate as

D) =) dxlr), (B1)

the eigenvalue equation H'|®) = E|®) gives

E¢e =17 ) [$eis+ prsl + (F- ).
8

=R,y

(B2)

Using the separable ansatz ¢, , = ¢(x)x (v), the problem is
reduced to a 1D problem along either x or y directions, whose
solutions are the standard Wannier-Stark states,

Pn(x) = chfn(yx)v Xn(y) = u7y7n(7/y)9

with eigenenergies

(B3)

EOS”) =Fn, nez, (B4)

where y, = —2J/F, fora = x, y.
Combining both x and y directions, the 2D Wannier-Stark
states of H', in the absence of disorder, are given by

[Pn) = Y T m (V) Tyn(r)lx, ),

X,y

(B5)

with the ladder energy (i.e., eigenenergy in the thermody-
namic limit) being

Eun=Fm+Fn, mnelZ. (B6)
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The Bessel function J,_,(]y|) dictates the localiza-
tion, being primarily confined to the interval |« — n| < ||
and decaying rapidly outside it, with the asymptotic form
To—n(Val) ~ |ya|*~" for & — n| > |y,|. Consequently, the
state in Eq. (B5) is exponentially localized along the x and
y directions, with a localization length of 2J/F, along the
corresponding direction.

Transforming back to the original non-Hermitian frame,
the right and left Wannier-Stark eigenstates acquire the ex-
ponential gauge factor from Eq. (A2) with

(Won) = Y exp(gex + &N Txm (V) Ty-n(yy)lx, ), (BT)

X,y

(W) =D exp(—gex — &) Teom (V) Ty-n(1)IX, 3).-

X,y

(B8)

Using the Bessel identity > T m(2)Trm (2) = S,
one verifies the biorthonormality relation

(\Dm,n|“pm’,n’) = (Sm,m’(sn,n“ (B9)

Completeness is established by multiplying the Hermitian
completeness relation Y, @, ) (Pmn| =1 on the left by

m,n

$~! and right by §, giving

Z |“Ilm,n) (‘Ilm,n| = i (BIO)

In the biorthogonal Wannier-Stark basis, the disorder-free
Hamiltonian is diagonal,
ﬁf = ZEIn,n|"IJm,n) (qjm,n|v Em,n = Fxm +E,I’l (Bll)
m,n

We now include on-site disorder, V = Zr éVréiér, whose
matrix elements in the biorthogonal Wannier-Stark basis are

V(m,n),(m’,n’) ZS Z Vx,y\Zc—m(yx)Jr—m’(Vx)

X,y

X Ty—n(Vy) Ty—n (¥y)- (B12)
The full Hamiltonian can therefore be written as
ﬁ = Z Em,n|\pm,n><qjm,n|
+ Z Z V(m,n),(m’,n’) | lIlm,n) (lilm/,n/ | (B13)

m,n m',n’

In this representation, the clean system forms decoupled
Stark ladders, while on-site disorder induces effective cou-
pling between exponentially localized Wannier-Stark states.

APPENDIX C: ULTRA-LONG-TIME DYNAMICS

In the main text, we have shown that the interplay among
the NHSE, disorder, and an external electric field enables con-
trol over the localization direction of wave packets, allowing
arbitrary positioning of boundary localization for evolution
times up to #y = 207 by tuning the directions of the electric
field and the nonreciprocal hopping. To further clarify the
localization behavior, we extend the dynamical evolution into
the ultra-long-time regime up to #; = 200073.

Figures 6(a) and 6(b) show the long-time center-of-mass
displacement (r(#)) of an initially localized Gaussian wave
packet as a function of the nonreciprocity strength g and the
field strength F, respectively. From each parameter sweep, we
select two representative cases, one leading to bulk localiza-
tion and the other to boundary localization, highlighted by the
black arrows in Figs. 6(a) and 6(b).

The corresponding time-resolved dynamics, shown in
Figs. 6(c1)-6(f3), reveal that the wave packet first undergoes
a drift stage before settling into a localized configuration with
only weak residual oscillations. The nearly constant values
of both (r(t)) and (r?(¢)) indicate that spreading is strongly
suppressed, while the final probability density profiles confirm
that localization occurs either in the bulk or at the boundary,
depending on the chosen parameters. These results demon-
strate that our control over mode localization remains robust
under ultra-long-time evolution.

APPENDIX D: LIOUVILLIAN DYNAMICS

Although the main text focuses on dynamics generated by
non-Hermitian Hamiltonians, analogous effective dynamics
arise naturally in open quantum systems. Within the Born-
Markov approximation [70,71], the density matrix p evolves
according to the Lindblad master equation [72—74]
dp R
—=Lp =il Pl + ) (LMpL,j — S L, p}),

n
D)

where H, denotes the tight-binding Hamiltonian for the
Hermitian system and the Lindblad operators L, encode
environment-induced quantum jumps.

To characterize the system’s dynamics, it is conve-
nient to monitor the single-particle correlation function of
a d-dimensional dissipative lattice, A, (¢) = Tr[é;fér/ ()],
whose time evolution is given by

dAr,r’(t) T AT A d,(A)
—— =Tr| v —|.
dt dt

(D2)
Substituting Eq. (D1) into Eq. (D2) yields
dA;p(t + N
Qoret) _ iTr([efer, Holp(1))
dt
A | DA
+> Tr[(L; (erée, L)+ 5L Ly, élér/]),?)(t):|.
w
(D3)
Here, the Hermitian single-particle Hamiltonian is written as

Ho =) hit]éx, (D4)
ik

and the Lindblad operators incorporate both gain and loss pro-
cesses. Each jump operator is either a gain channel, L, = L,
or a loss channel, L, = LL, with

feg _ 8 At Fl_ JEN
Lu = E Dﬂkck, Lu = E Dukck.
k k

(D5)
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FIG. 6. Trajectories of the center of mass, (x(#)) and (y(#)), of an
nonreciprocal hopping, electric field, and random on-site disorder, as

origin-centered Gaussian wave packet after long-time evolution under
a function of nonreciprocity strength g [panel (a)] and field strength

F [panel (b)]. Panels (c1)-(f3) display the time-resolved center-of-mass motion (r(z)), the second moment (r?(¢)), and the corresponding
probability density distributions after ultra-long-time evolution for the chosen parameter sets indicated in panels (a) and (b). Except for the

varied parameters, others are fixedat g/J = 1.0, F/J =1.5,§/J =1.0
realizations.

: g 2% 18 I _ Ix 1yl
Defining M; 2 DDy and My, = >0 DDl
obtains the compact evolution equation

dAr,r’ (t)

dt

one

= [M* + XA + ADOX lew,  (DO)
with
X =in" — HM*+ M. (D7)
We now specify a two-dimensional lattice governed by the
Hermitian Hamiltonian

Hy = Z(J cosh gx@iﬂ_’yéx,y + J cosh gyéi,er]éX’}, +H.c)

X,y

+ Y LFx + By)e] 8oy + EViyel ery],

X,y

(D8)

with & = m /4 and ¢ = 7 /3. All results are averaged over 100 disorder

where ¢, (él,y) annihilates (creates) a particle at site (x, y).
The coefficients J cosh g, and J cosh g, specify the hopping
amplitudes along the x and y directions, with g, = gcos 8 and
gy = gsin 0, F; and F; are static electric field amplitudes along
the x and y directions, and £V, represents the random on-site
potential with V;. € [—1/2, 1/2] and disorder strength &.

We introduce two channels of nonlocal dissipative pro-
cesses acting on nearest neighbors along x and y directions,
described by the Lindblad operators

I:;’y = ,/2J sinh gx(eg"/zéx_H,y + ie_g"/zéx!y), (D9)
L}, = /2] sinh gy (e¥/?¢ 1y +ie™®%¢,y).  (D10)
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Using Egs. (D6) and (D7), one finds that the correlation
matrix obeys the closed equation
dA ¥
— =i(HA — AH"),
dt

where H = h" + £(M')" takes the explicit form

(D11)

H="Y (e lx+ 1,y){x, y| +Je |, y)x + 1, y])

Xy

+ ) (e lx,y + Dix, yl +Je o x, y) (x, y+ 1)
Xy

+ ) [(Fx + Fy)lx, y) 0, vl + EViglx, y) x, ]
X,y

+ Z[il(sinh 2g. +sinh 2g,)|x, y) (x, y|]. (D12)
Xy

This Hamiltonian describes a two-dimensional extension
of the Hatano-Nelson model subjected to a static electric

field and random on-site disorder. It coincides with the

Hamiltonian studied in the main text, apart from an inessential

homogeneous damping term appearing in the final term.
Equation (D11) is solved directly as

At) = P A0)e ' (D13)

For a particle initially localized at the origin, A(0) = |0)(0],
the correlation at time ¢ becomes A(t) = | (¢)) (¥ (¢)| with
[ (¢)) = €f'|0). The normalized probability distribution of
surviving particles is therefore

Pe(t) = Arr(2)/ Z Arx(t) = [ [YO) /(WO (1))
' (D14)

This matches precisely the evolution generated by the ef-
fective non-Hermitian Hamiltonian H, demonstrating that the
open quantum system reproduces the same dynamical behav-
ior as the non-Hermitian lattice model studied in the main text,
including the effects of the electric field and disorder.
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