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I. CRYOGENIC SETUP

The cryogenic setup used in this experiment is shown in Fig 1. An R&S SGS100A RF source together with an R&S
SGU100A upconverter unit generates the ∼20 GHz pump tone, which is sent down the flux pump line to drive the
SPDC process inside the device. Entangled photon triplets leaking out of the cavity are amplified by a QuantWare
Crescendo TWPA and are measured at room temperature using three RF digitizers. The acquisition system consists
of two Aeroflex 3036 PXI RF digitizers and one Aeroflex 3035C PXI RF digitizer. We have added custom-built
superheterodyne receiver front ends to each RF digitizer for tunable image rejection prior to digitization. A detailed
diagram of the output microwave network is provided in Fig. 2. The input line is used for device characterization
with a Keysight P5024A Vector Network Analyzer. Static flux through the SQUID is controlled via the DC flux bias
line using a Yokogawa GS200 Current Source. Finally, a Tektronix AFG2021 arbitrary function generator applies
slowly varying signals to the SNTJ via the SNTJ bias line for the gain and noise temperature calibration described
in section IV. The SNTJ is thermalized to the same plate as the device to enable accurate measurement of the device
temperature. The output line from the SNTJ to the RF switch is measured at room temperature before cool down
to be identical to that from the device to the RF switch to also ensure accurate gain calibration.
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FIG. 1. Diagram of cryogenic microwave network used to generate and measure propagating entangled photon triplets.
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FIG. 2. Diagram of output microwave network with custom-built superheterodyne receiver to support tunable image-band
rejection prior to digitzation. Each low pass filter and corresponding IF mixing frequency is selected to downconvert the
calibrated mode frequency as described in section IIC while rejecting the image band. External LO’s for the mixers and RF
digitizers are provided by 1 GHz referenced RF sources to increase phase stability.

II. DEVICE

A. Cavity parameters

We provide the frequencies, quality factors, decay rates, and lifetimes of the three cavity modes used in this
experiment in table I. The flux tuning curves of the three modes are shown in Fig 3.

Frequency (GHz) Qext Qtot γext (MHz) γtot (MHz) τ (µs)

5.560 9205 8701 3.795 4.015 0.25

6.831 5500 5102 7.804 8.413 0.12

7.902 10593 7498 4.687 6.622 0.15

TABLE I. Quality factors and cavity lifetimes, and decay rates of cavity modes.
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FIG. 3. Flux tuning curves of the three modes. We operate at the peak of the curve by setting the DC flux bias point to
Φex = 0.

B. Kerr matrix

Here, we provide the matrix of Kerr coefficients for the three cavity modes used in our device in table II. To measure
the Kerr coefficients, we drive the cavity on resonance through the coupling capacitor and measure the power scattered
off of the cavity using the calibrated system gain described in section IV. The drive populates the cavity modes with
a known photon number and we simultaneously measure the induced shift in its resonance frequencies using a weak
vector network analyzer probe tone. A symmetric Kerr matrix is required for the resulting terms in the Hamiltonian
to be Hermitian. The asymmetry in the measured Kerr matrix is likely a manifestation of systematic errors in our
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experiment. The calculated Kerr terms are dependent on both the calibrated gain measurements and the resonator
linewidths obtained from fitting the frequency responses of the modes when probed by a VNA. Since these frequency
responses are measured against background ripples in our measurement transmission lines, we presume that there is
some error in the fitted linewidths in addition to uncertainty in the calibrated gains. To maintain Hermiticity, the
Kerr matrix used in our numerical simulations in section VIII is symmetrized, Ksym = (K +KT )/2.

Pump\Probe 5.56 GHz 6.83 GHz 7.90 GHz

5.56 GHz 36.4 70.1 136.0

6.83 GHz 45.4 28.7 107.4

7.90 GHz 139.5 172.6 160.3

TABLE II. A matrix of Kerr and cross-Kerr shifts all in units of KHz. The left column indicates the drive frequency, and the
top row indicates the analyzed mode.

6.8293 6.8299 6.8305 6.8311

Mode 2 Frequency [GHz]

7.
90

04
7.

90
10

7.
90

16
7.

90
22

M
od

e 
3 

Fr
eq

ue
nc

y 
[G

Hz
]

5.5589

6.8293 6.8299 6.8305 6.8311

Mode 2 Frequency [GHz]

5.5594

6.8293 6.8299 6.8305 6.8311

Mode 2 Frequency [GHz]

5.5599

To
ta

l C
os

ke
wn

es
s

Mode 1 Frequency [GHz]

FIG. 4. Three mode quadrature coskewness as a function of measurement frequency of each mode for a given pump power.
The pump frequency is always set to the sum of the three mode frequencies. The optimal pump and probe conditions are taken
to be at the point of maximum coskewness between all three modes.

C. Tuning for optimal pump and detection frequencies

We suppose that the optimal pump and detection frequencies for observing entanglement will also generate the
largest third order correlations between the three modes in our device. We sweep the detection frequencies for the
three modes while fixing ωp = ω1 + ω2 + ω3 and observe the room temperature correlations between all three modes
as shown in figure 4. We can then select good detection frequencies for observing entanglement without performing a
full analysis of the quantum correlations. The heuristic for third order correlation that we measure here is simply the
sum of absolute coskewnesses between all three modes for all possible combinations of quadratures I,Q. We perform
this sweep at each pump power to track the shifting mode frequencies. The exact frequencies for the sweep in the
main text range from 5.5600–5.5597 GHz, 6.8309–6.8306 GHz, and 7.9023–7.9019 GHz, for modes 1–3, respectively.
The corresponding pump frequency ranges from 20.2932–20.2922 GHz.

D. Calibrating 3P SPDC coupling rate

We estimate the pump power at the device to be on the order of 1 nW from Fig. 1, but we do not have direct
experimental access to the coupling rate, g, in the 3P-SPDC Hamiltonian. However, we know that g ∝ |αp| ∝

√
Pp,

where Pp is the room temperature power of the tone sent down the pump line which we can convert to g in normalized
units by dividing by the minimum drive strength used in our measurement sweep, gmin. Then, we can use a numerical
fit to estimate the true values of g. We fit to the lowest order operator that we study, the output photon counts,
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using an analytic relation between the cavity photon population and the output photon population as described in
section VIIA. This allows us to perform an optimization without requiring the full quantum trajectory simulation
used to simulate the higher order correlators in the output field as described in section VIII. As shown by the fit of
the output photon population in Fig. 5, we estimate gmin = 0.057 MHz, giving the full parameter range considered
in the main text to be from 0.057 to 0.181 MHz.

FIG. 5. Numerical fitting of photon counts fitted to calibrate the 3P-SPDC coupling rate. The experimental value of g/gmin is
obtained by taking the square root of the room temperature pump power and dividing by the minimum drive strength (gmin)
used. The top axis is the best estimate of the true value of g found by the fit using the analytical model (solid line). The
numerical simulation (dashed line) shows strong agreement with both the experimental data and the analytical model. Note
that the fit is restricted to the range of data in the weak-driving regime, where the perturbative model remains valid (g ≪ γtot).
See sections VI, and VIII for details on analytical and numerical models.

III. MEASUREMENTS

A. Quantum description of measured fields

We use the standard quantum mechanical formalism of amplification and linear field measurements to relate the
room temperature voltage measurements taken at the RF digitizers to the quantum signal in the output field of
the cavity. The signals being measured by the RF digitizers are the continuous in-phase, I(t), and quadrature,
Q(t), voltages of the amplified microwave signal which are proportional to the quantum field quadratures via the
transformation

I(t)√
ℏωZ0

→ X̂(t)

Q(t)√
ℏωZ0

→ P̂ (t),

(1)

where Z0 = 50Ω is the characteristic impedance, and ω is the mode frequency. For nondegenerate parametric
amplification of the signal in the large gain limit (G≫ 1) , the field quadratures are defined in terms of the amplified

mode, Ŝ(t) =
√
G
(
â(t) + ĥ†(t)

)
, as

X̂(t) =
Ŝ(t) + Ŝ†(t)

2

P̂ (t) =
Ŝ(t)− Ŝ†(t)

2i
,

(2)

where ĥ(t) is the bosonic operator for a delta-correlated noise mode including contributions from both the linear
amplifiers and the mixer used in the digitizers.
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H(t)

FIG. 6. Estimating the effective temporal mode function of the built-in anti-aliasing filters in the RF digitizer. (left) Continuous
temporal mode function where H(t) is the window function specified in eq. (4). (right) Comparison of discrete autocorrelation
function of filtered white noise with the autocorrelation function of our estimate of the time domain filter which shows strong
agreement. The precision in our estimate is limited by the spacing between time lags which is given by dt = 1/fs.

B. Discretization of continuum modes

In general the operators in eqs. 1, 2 are continuous. However, the digitization itself takes samples of discrete
temporal modes defined by the built-in filter function used to sample the continuous signal. We formalize this using
the standard technique to map continuum mode operators to discrete mode operators by defining a temporal mode
function f(t) such that the discrete mode, Âi is related to the continuum mode in the output field, âout,i as

Âi =

∫
dt f(t)âout,i(t), (3)

where f(t) is any real or complex function that is normalized as
∫∞
0

dt |f(t)|2 = 1 to preserve the bosonic commutation
rules, and is equivalent to a wave packet for the propagating field. Note that, by linearity, this is equivalent to applying
the temporal mode function to X̂(t) and P̂ (t) which is done in practice by the RF digitizer.

Experimentally, we implement the temporal mode function in two ways: by using the built-in filtering of the RF
digitizers, or by oversampling and digitally filtering in post-processing. In the first case, we do not perform any
explicit filtering techniques because the RF digitizers have built-in anti-aliasing filters which are smooth and have
a sharp cut-off in the frequency domain. However, to compare our numerical time domain simulations (see section
VIII) to our experimental results, we need to translate the filter into an explicit temporal mode function.

The anti-aliasing filter is well-approximated by a windowed sinc function in the time domain [1]. For the principal
measurements using a sampling frequency of fs = 1 MHz, we find that the temporal mode function is to a good
approximation given by

f(t) =
√
fsR(0, tc)H(t, tc) sinc

(
t− tc/2

τ

)
, (4)

where R(0, tc) = Θ(t)−Θ(t− tc) truncates the function outside t = 0 and t = tc (Θ(t) is the Heaviside step function),

and H(t, tc) = sin2
(

πt
tc

)
is the Hann window centered at t = tc/2, and sinc(x) ≡ sin(πx)/(πx). We confirm that

this mode function with tc = 20 µs, and τ = 1.05 µs matches the true time domain filter using the fact that the
autocorrelation of filtered white noise is proportional to the autocorrelation of the mode filter function up to a constant
factor (given by the variance of the noise) as shown in Fig. 6. We also numerically confirm that

∫∞
−∞ |f(t)|2 = 1.

In the second case, we use the fact that if we sample the signal with a frequency much larger than the decay rate of
the cavity (i.e. fs ≫ γext/2π) then we can treat the measured data as a full digital reconstruction of the continuous
signal [2, 3], and therefore we have the freedom to filter the signal arbitrarily in post-processing. This is done by
sampling the temporal mode function then using it as the coefficients of finite impulse response filter acting on the
measured quadratures. Here, the resolution of the filter function is limited by the sampling frequency, and each data
point now requires Ncoeff times more measurements. We use this method to explore the impact of varying the width
of different temporal mode functions (boxcar and Gaussian) on W as shown in figure 4 in the main text.

Although the oversampling provides more freedom over which mode function we can use, it is very demanding
because the number of data points for each measurement is multiplied by the number of coefficients in the mode
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function, which is typically of order 10-100. Furthermore, we observe only a minor increase in the entanglement
witness value when using an optimized post-processing mode function compared to the mode function defined by the
built-in filtering. Therefore, we chose to use the built-in filters with a 1 MHz sampling frequency for the sweeping
measurement of W as function of ⟨N̂tot⟩ in figure 3 of the main text.

1. Using different mode functions for each mode

In the most general case, we can define a unique temporal mode function to discretize each mode. To investigate
the significance of using different mode functions, we compare the effect of changing the width of each mode function
using the numerical methods explained in section VIII. The plot in Fig. 7, shows that the entanglement witness drops
off faster when using different temporal mode functions for each mode. Although not a comprehensive test, this
suggests that there is no obvious advantage to using different mode functions for each mode.

Stop filtering mode 3

Stop filtering mode 2

FIG. 7. Simulation of entanglement witness as a function of boxcar temporal mode width where each mode has a different
width (dashed blue) versus the same mode width (red). In the case of different mode width, each mode is filtered until a
maximum width of 8 times its lifetime as indicated by the vertical dashed lines. The measured entanglement witness decreases
when we begin using different mode widths for each mode relative to when we use the same width for all three.

C. Converting measurements to expectations of moments

The general approach to obtaining the operator moments of the cavity output is to measure the field both when the
3P-SPDC drive is on, and when it’s off, then perform a subtraction that moves the reference plane of our measurements
to the output of the cavity. This is generally possible because the noise added by the amplification chain is zero-mean,
Gaussian and delta correlated. To prevent drift in the amplification chain noise over long time scales from invalidating
the assumption of delta correlation, we interleave the ON and OFF measurements in time every 1 second. Since the
device is known to be at a nonzero temperature (see section IV), we also account for the contribution of the weak
thermal state being emitted by the cavity even when the drive is OFF in our calculations of the moments of the field.
The expectation of the number operator for the thermal state is given by the Bose-Einstein distribution

⟨N̂T,i⟩ ≡ NT,i =
1

eℏωi/kBT − 1
, (5)

where ωi is the frequency of mode i, and T is the device temperature which we can measure directly with the
calibration in section IV. This gives us the moments of the persistent thermal contribution to the output field that
we measure and which we account for when calculating the moments of the output field. In the following subsections,
we derive the relationship between the room temperature measurements of the discrete amplified modes Ŝi and the
three moments used to calculate our entanglement witness.
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1. ⟨N̂i⟩

⟨Ŝ†
i Ŝi⟩on = Gi

[
⟨N̂i⟩+ ⟨N̂N,i⟩

]
⟨Ŝ†

i Ŝi⟩off = Gi

[
NT,i + ⟨N̂N,i⟩

]

⇒ ⟨N̂i⟩ =
⟨Ŝ†

i Ŝi⟩on − ⟨Ŝ†
i Ŝi⟩off

Gi
+NT,i.

(6)

2. ⟨N̂iN̂j⟩

⟨Ŝ†
i ŜiŜ

†
j Ŝj⟩on = GiGj

[
⟨N̂iN̂j⟩+ ⟨N̂i⟩ ⟨N̂N,j⟩+ ⟨N̂j⟩ ⟨N̂N,i⟩+ ⟨N̂N,i⟩ ⟨N̂N,j⟩

]
⟨Ŝ†

i ŜiŜ
†
j Ŝj⟩off = GiGj

[
NT,iNT,j +NT,i ⟨N̂N,j⟩+NT,j ⟨N̂N,i⟩+ ⟨N̂N,i⟩ ⟨N̂N,j⟩

]

⇒ ⟨N̂iN̂j⟩ =
⟨Ŝ†

i ŜiŜ
†
j Ŝj⟩on ⟨Ŝ

†
i ŜiŜ

†
j Ŝj⟩off

GiGj
+NT,iNT,j

− ⟨N̂N,j⟩
(
⟨N̂i⟩ −NT,i

)
− ⟨N̂N,i⟩

(
⟨N̂j⟩ −NT,j

)
,

(7)

where ⟨N̂i⟩ is known from eq. (6), and ⟨N̂N,i⟩ = ⟨Ŝ†
i Ŝi⟩off /Gi −NT,i.

3. ⟨Â1Â2Â3⟩

⟨Ŝ1Ŝ2Ŝ3⟩ =
√
G1G2G3 ⟨Â1Â2Â3⟩

⇒ ⟨Â1Â2Â3⟩ =
⟨Ŝ1Ŝ2Ŝ3⟩√
G1G2G3

.

(8)

D. Measured moments

Here we include an example of the measured moments where we observed a maximum value of the entanglement
witness (as highlighted in figure 3 of the main text) in table III.

E. Certifying that the observed state is non-Gaussian

Theoretically, the photon triplet states are generated via a nonquadratic Hamiltonian and therefore they are non-
Gaussian states. Here, we verify that this is the case for the states observed in our experiment. We do this by
considering a Gaussian state with the measured first- and second-order moments, and showing that it is not compatible
with the measured value of ⟨â1â2â3⟩. In particular, we will show that, for a Gaussian state,

⟨â1â2â3⟩ = ⟨â1⟩⟨â2â3⟩+ ⟨â2⟩⟨â1â3⟩+ ⟨â3⟩⟨â1â2⟩ − 2⟨â1⟩⟨â2⟩⟨â3⟩. (9)
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Mode Indices |⟨Â1Â2Â3⟩| × 10−2 ⟨N̂i⟩ × 10−2 ⟨N̂jN̂k⟩ × 10−3 W × 10−2

i = 1, j = 2, k = 3 2.680± 0.099 1.018± 0.082 1.48± 0.22 1.554± 0.103

i = 2, j = 3, k = 1 1.250± 0.100 0.80± 0.21

i = 3, j = 1, k = 2 0.713± 0.067 2.49± 0.45

TABLE III. Measured moments of the output field under optimal pump tuning and a 1MHz sampling frequency obtained
using the best estimate of the system gain explained in section IV. The reported value for the entanglement witness of W =
(1.554± 0.103)× 10−2 shows that we observe W > 0 with over 15 standard deviations of confidence.

We take as given that this type of third-order correlator is zero for any mean-zero Gaussian state. We then use
the fact that any Gaussian state with finite mean can be obtained by a displacement of a zero-mean Gaussian state.
Using the three-mode displacement operator,

D̂(α1, α2, α3) = exp(α1â
†
1 − α∗

1â1)exp(α2â
†
2 − α∗

2â2)exp(α3â
†
3 − α∗

3â3), (10)

we can write the finite-mean state ρ̂ in terms of a mean-zero state ρ̂0 as ρ̂ = D̂(α1, α2, α3)ρ̂0D̂
†(α1, α2, α3). The

expectation value ⟨â1â2â3⟩ on the finite-mean Gaussian state can be written as

⟨â1â2â3⟩ ≡ Tr[â1â2â3ρ̂]

= Tr[â1â2â3D̂(α1, α2, α3)ρ̂0D̂
†(α1, α2, α3)]

= Tr[D̂†(α1, α2, α3)â1â2â3D̂(α1, α2, α3)ρ̂0]

= Tr[(â1 + α1)(â2 + α2)(â3 + α3)ρ̂0]

= ⟨â1â2â3⟩0 + ⟨â1α2α3⟩0 + ⟨â2α1α3⟩0 + ⟨â3α1α2⟩0
+ ⟨â1â2α3⟩0 + ⟨â1â3α2⟩0 + ⟨â2â3α1⟩0 + ⟨α1α2α3⟩0,

(11)

where we have defined ⟨Ô⟩0 as the expectation of the operator Ô on the mean-zero Gaussian state. For a mean-zero
Gaussian state, ⟨â1â2â3⟩0 = ⟨â1⟩0 = ⟨â2⟩0 = ⟨â3⟩0 = 0, and so

⟨â1â2â3⟩ = α3⟨â1â2⟩0 + α2⟨â1â3⟩0 + α1⟨â2â3⟩0 + α1α2α3. (12)

Finally, we can use the same arguments as above to do the reverse transformation for the second-order moments to
produce

⟨â1â2â3⟩ = α3⟨â1â2⟩+ α2⟨â1â3⟩+ α1⟨â2â3⟩ − 2α1α2α3. (13)

To confirm whether our experimentally observed state is indeed non-Gaussian, we consider the moments for the
measurements corresponding to the maximum value of W observed in the text. The first- and second-order moments
are given in table IV.

Mode Indices ⟨Âi⟩ × 10−5 ⟨ÂiÂj⟩ × 10−3

i = 1, j = 2 4.35± 6.5 6.54± 0.24

i = 2, j = 3 −3.20± 4.3 4.57± 0.20

i = 3, j = 1 −4.97± 3.6 4.59± 0.18

TABLE IV. Measured first, second, and third moments of the output field.

Comparing magnitudes, we have:

|⟨Â1Â2Â3⟩| = (2.68± 0.099)× 10−2

|⟨Â1⟩⟨Â2Â3⟩+ ⟨Â2⟩⟨Â1Â3⟩+ ⟨Â3⟩⟨Â1Â2⟩ − 2⟨Â1⟩⟨Â2⟩⟨Â3⟩| = (2.73± 4.28)× 10−7,
(14)
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where the measured third-order correlator is taken from the main text. These values are distinct with 27σ of confidence.
That is, the observed value of |⟨Â1Â2Â3⟩| is strongly incompatible with the Gaussian construction, certifying that
our observed state is non-Gaussian.

We note that eq. 13 is equivalent to saying that the cumulant

∂3

∂η∗1∂η
∗
2∂η

∗
3

ln [χ(η1, η2, η3)]

∣∣∣∣
η1=η2=η3=0

, (15)

of the characteristic function

χ(η1, η2, η3) = Tr[e−η∗
1 â1−η∗

2 â2−η∗
3 â3eη1â

†
1+η2â

†
2+η3â

†
3 ], (16)

must be 0 for any Gaussian function. eq. 14 then shows the deviation of our state from a Gaussian distribution.

F. Derivation of Scaling Law for W

We can derive eq. 7 from the main text explicitly by converting the proportionalities from the main text into
equalities using constants of proportionality: |⟨Â1Â2Â3⟩| ∝ g ⇔ |⟨Â1Â2Â3⟩| = B′g, ⟨N̂i⟩ ∝ g2 ⇔ ⟨N̂i⟩ = Cig

2, and

⟨N̂iN̂j⟩ ∝ g2 ⇔ ⟨N̂iN̂j⟩ = Cijg
2. Note that we derive the exact values of these constants in section VI, but we are

just interested in the scaling behavior here. Inserting this into the entanglement witness (eq. 3) from the main text

W = |⟨Â1Â2Â3⟩| −
∑

i,j,k=1,2,3
i̸=j ̸=k ̸=i

√
⟨N̂i⟩⟨N̂jN̂k⟩

= B′g −
∑

i,j,k=1,2,3
i̸=j ̸=k ̸=i

√
Cig2Cjkg2

= B′g − C ′g2,

(17)

where we absorbed the constants into C ′ and taken g ≥ 0. To isolate for ⟨N̂tot⟩, we can use the same logic,

⟨N̂tot⟩ = ⟨N̂1⟩+ ⟨N̂2⟩+ ⟨N̂3⟩
= g2(C1 + C2 + C3).

(18)

Or equivalently:

g = D

√
⟨N̂tot⟩, (19)

Inserting this into Eq. 17 gives:

W = B

√
⟨N̂tot⟩ − C⟨N̂tot⟩, (20)

where B′, C ′, D are absorbed into B,C.

IV. ABSOLUTE SYSTEM CALIBRATION WITH SNTJ

Absolute system calibration is performed using a shot noise tunnel junction (SNTJ) as a calibrated noise source. This
is a standard method to calibrate a measurement chain consisting of well-behaved linear amplifiers [4–8]. However, the
broadband characteristic of an SNTJ makes it challenging to calibrate a near-quantum-limited parametric amplifier
such as a TWPA due to both signal and idler mixing and gain compression. In this section, we describe how we can
account for these effects to make both a best estimate, and an upper bound estimate on the absolute system gain.
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A. Standard amplifier calibration

The total noise power emitted from the SNTJ is a combination of voltage-dependent shot noise and constant
Johnson-Nyquist noise. The room-temperature power observed over a narrow bandwidth is given by

P = GBW kB

{
TN +

1

2

[(
eV + hf

2kB

)
coth

(
eV + hf

2kBT

)
+(

eV − hf

2kB

)
coth

(
eV − hf

2kBT

)]}
,

(21)

where G is the total gain in the amplifier chain, BW is the measurement bandwidth, TN is the noise temperature of
the linear amplifier, and T is the physical temperature of the SNTJ. By fitting the data with eq. (21), we can extract
the absolute gain, noise temperature, and physical temperature of the full output line shown in Fig 1.

B. Parametric amplifier calibration

Parametric amplifiers mix together signal and idler modes in order to amplify the signal. Since the SNTJ produces
broadband noise, the idler mode is often as hot as the signal mode during calibration, which must be accounted for
in our fitting procedure. Starting with the standard model of phase-insensitive parametric amplification we have

asout =
√
Gs→s asin +

√
Gs→s − 1 ai†in, (22)

where as and ai are the signal and idler modes, respectively, and Gs→s is the signal-to-signal gain. It is common to
approximate

√
Gs→s ≈

√
Gs→s − 1 but we keep the full expression here because the TWPA gain can be on the order

of 10. Accounting for added noise in the amplifier and shifting to units of power, we have

P s
out = Gs→s (P s

in + P s
N ) + (Gs→s − 1)P i

in (23)

where P s
N is the excess noise power added by the amplifier at the signal frequency. In reality, there is always loss both

in the pre-amplifier components, and inside the amplifier. We can absorb the loss into the gain as

G̃s→s = Gs→s ηs

G̃i→s = (Gs→s − 1) ηi,
(24)

where G̃ is the effective gain, and ηs, ηi ≤ 1 are the signal and amplifier transmission coefficients, respectively. The
total output power of the amplifier is then

P s
out = G̃s→s

(
P s
in + P s

N +
G̃i→s

G̃s→s
P i
in

)
. (25)

It is clear from equation (25) that the idler mode can contribute significantly to the output power if P i
in ∼ P s

in which
is the case for a broadband noise source like the SNTJ. The gain will be strictly overestimated if the idler mode input
is not accounted for, which means that we can find an upper bound estimate on the gain by assuming P i

in = 0 which
we use to quantify the maximum systematic error in the entanglement witness (see section VB).

1. Estimating G̃i→s/G̃s→s

In principle, an exact calibration can be done given the frequencies of the signal and idler modes and the effective
gain ratio, G̃i→s/G̃s→s. For a 4-wave mixing TWPA as used in this experiment, the signal and idler frequencies are
determined by the pump via 2ωp = ωs + ωi. However, we pump the TWPA nondegenerately and so the signal and

idler modes are separated by many GHz. Since G̃i→s/G̃s→s ≈ ηi/ηi is determined by frequency-dependent losses in
both the TWPA and the pre-amplifier stages, which are not directly accessible experimentally, we cannot generally
measure it. A solution is to use numerical fitting to estimate the ratio. From equation (21), the quantum noise floor
relative to the voltage induced shot-noise is frequency dependent and thus the mixture of the signal and idler noise
given by the ratio G̃i→s/G̃s→s, can be included as a fitting parameter independent of G̃s→s. With a reasonable initial
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guess, the model should be able to fit for G̃i→s/G̃s→s because it is uniquely determined by the onset of shot noise
dominating over quantum noise with respect to applied voltage since the signal and idler frequencies are known.

The fitted ratios for the signal and idler modes as determined by a 8.326 GHz pump at the TWPA are shown
in table V. The contribution of the 11.09 GHz idler mode to the 5.56 GHz signal mode is small due to the much
higher insertion loss at 11 GHz of the microwave components between the device output and the TWPA (see fig. 1).
Similarly, the idler modes for the 6.83 and 7.90 GHz signal contribute about half as much as the signal mode.

Signal frequency (GHz) Idler frequency (GHz) G̃i→s/G̃s→s

5.56 11.09 0.228 ± 0.003

6.83 9.82 0.478 ± 0.033

7.90 8.75 0.570 ± 0.240

TABLE V. Fitted values of G̃i→s/G̃s→s for each mode.

C. Calibration with gain compression

A separate challenge of calibrating a Josephson junction-based TWPA with a broadband noise source is the relatively
low saturation power. Again, following the techniques in [6], we can model the power output of an amplifier as a
function of the input power according to

Pout(Pin) = G(Pin)Pin, (26)

where the gain is a function of the form

G(Pin) = gss λ(Pin), (27)

with gss being the small signal gain and λ(Pin) ≤ 1 being the gain compression profile of the amplifier. We typically
want to operate in the region where λ = 1 for a linear response in the amplifier. However, the broadband power
from the SNTJ when biased into the shot noise dominated regime is relatively high and causes compression in the
otherwise linear power with respect to bias voltage.

When accounting for gain compression, equation (25) becomes

P s
out = g̃s→s λ(Pin)

(
P s
in + P s

N +
g̃i→s

g̃s→s
P i
in

)
, (28)

where we have assumed that the signal-to-signal and idler-to-signal gain compression profiles are identical (which we
measured to be true to within a few percent for our system). If we have λ(Pin), we can simply divide the measured
output power to get P s

out/λ(Pin), and then perform a numerical fit as we would with eq. (25).

1. Measuring the gain compression profile

If we send a coherent probe with constant power P probe
in through the amplifier chain while the SNTJ is on, we

observe the total power output in the measurement bandwidth

Pout = G(V ) (P probe
in + P SNTJ

in (V )), (29)

where we write G(V ) because in the weak probe limit we can assume that the compression is entirely governed by
the voltage at the SNTJ. To decouple the probe from the SNTJ, we can just subtract the output powers,

P probe
out = G(V ) [Pout − P SNTJ

out (V )]

= G(V )P probe
in ,

(30)
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Frequency (GHz) Uncorrected Corrected without idler Corrected with idler

5.56 GHz 70.03 72.23 71.31

6.83 GHz 71.09 71.86 70.16

7.90 GHz 78.48 79.13 77.31

TABLE VI. Calibrated gain values in dB when using the raw data versus the data corrected for gain compression with and
without including the contribution of idler to signal mixing in the amplifier. We use the values in the “corrected with idler”
column to obtain the entanglement witness in the main text. We use the values in the “corrected without idler” column to
obtain a lower bound estimate of the entanglement witness due to systematic uncertainty (see section VB).

which can be normalized by its maximum value: P probe,max
out = gss P

probe
in , giving the gain compression profile

Pnorm(V ) =
P probe
out

P probe, max
out

=
G(V )P probe

in

gss P
probe
in

= λ(V ),

(31)

which we can then use to re-scale the output power and extract the small signal gain. The measured gain compression
profiles are shown in Fig. 8.
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FIG. 8. Gain compression profiles of the output line at the three mode frequencies. Note that there is a frequency-dependent
compression likely due to the complex mixing processes inside the TWPA.

D. Calibrated gain values and fits

To demonstrate the importance of accounting for idler-to-signal mixing and gain compression in the gain calibration,
we plot the best fits for three cases in Fig. 9. It’s clear from the fits and the trend of the residuals in Fig. 9 a) that the
gain compression causes curvature in the shot noise which cannot be accounted for by the compression free model.
The fits significantly improve when we account for gain compression as shown in Fig. 9 b), especially for the 7.90 GHz
data. However, the transition from the quantum to shot noise region is still not fully accounted for as demonstrated
by the peak in the residuals at 0 bias for the 5.56 and 6.83 GHz data. We attribute this to idler-to-signal mixing with
a higher frequency and thus higher quantum noise idler mode. This is largely corrected when we include the idler
mode as shown by the very good fits for the 5.56 and 6.83 GHz data shown in Fig. 9 c). The model has a slight issue
fitting the center of the 7.90 GHz which is likely due to some more complex nonlinear processes near the dispersive
feature of the TWPA, but the linear shot noise region is very well fitted by the model, so the gain value should be
accurate.

Table VI shows the best fit gain values in all three cases. Note that the column corresponding to the data corrected
for gain compression but without idler contribution has the largest gain values, as we expected, because it is the upper
bound estimate of the gain, and thus corresponds to a systematic lower bound estimate for the entanglement witness
as described in section VB). The third column is our best possible estimate for the true gain, and thus corresponds
to the “best estimate” of the witness.
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FIG. 9. Fitted output power from the STNJ at three mode frequencies using three different models for parametric amplification
of broadband noise. Residuals for each fit are shown above in black. (a) Best fit without correction for gain compression or
idler-to-signal mixing. The model overshoots the data in the linear shot noise region due to the gain compression, especially
for the 7.90 GHz data. (b) Best fit with correction for gain compression, but not for idler-to-signal mixing. This model fits the
linear shot noise region well due to the compression correction, but the peaks in the residuals at the center of the 5.56 GHz
and 6.83 GHz data suggest that the model cannot properly fit the quantum noise region due to the idler-to-signal mixing. (c)
Best fit with correction for both gain compression and idler-to-signal mixing. The model now fits the full range of data. The
small dip in the residuals for the 7.90 GHz fit is indicative of more complex parametric processes near the dispersive feature
of the TWPA that cannot be fully accounted for by the model even with the corrections. The fitted gains for all three models
are shown in table VI.

1. Physical device temperature

The gain calibration data was taken in the middle of the measurement sweep at a 1 MHz sampling frequency to
most accurately measure the gain during the sweep. However, it does not provide the most accurate estimate of the
physical temperature of the device because the SNTJ is not in thermal equilibrium with the device immediately after
switching the RF switch, and many data points are needed near the curvature point to reliably measure the physical
temperature. Thus, we take a separate measurement with a higher sampling frequency (10 MHz) and a smaller voltage
range (±50µV ) after the measurement sweep is finished to calibrate the cavity temperature most accurately. Fig. 10
shows the fitted data at 5.56 GHz used to calibrated the physical temperature with a comparison to the classical noise
curve. We measure the effective temperatures at 5.56, 6.83, and 7.90 GHz to be: 43.7±0.7, 41.1±0.3, and 45.5±0.3
mK, respectively. From the Bose-Einstein distribution in eq. (5) we can easily see that the thermal contribution at
each frequency is relatively small, but not completely negligible, hence why we include it in our calculation of the
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FIG. 10. Output power from the SNTJ (red) and best fit (dashed blue) with faster sampling frequency and smaller voltage
range at the SNTJ to best capture the shot noise to quantum noise transition which is required to calibrate the physical
temperature of the device.

correlators in section III C.

V. ERROR ANALYSIS

A. Statistical error propagation of W

To quantify the statistical error in the moments, we take the value computed for each chopped measurements as
a sample of the expectation. We then treat each expectation value as a sampled random variable, X with a mean,
X̄, and error given by its variance, σ2

X . We can then propagate this error to W with the assumption that X satisfies
σX ≪ X̄. For readability, we substitute the following variables

Xi ≡
〈
N̂i

〉
,

Yi ≡
〈
N̂jN̂k

〉
,

Z ≡
〈
ÂiÂjÂk

〉
,

With i, j, k = 1, 2, 3 and i ̸= j ̸= k ̸= i. Our witness is then measured as

W = Z̄ −
3∑

i=1

√
X̄i

√
Ȳi, (32)

with variance

Var (W ) = Var (Z)− 2

3∑
i=1

Cov
(
Z,
√
Xi

√
Yi

)
+

3∑
i,j=1

Cov
(√

Xi

√
Yi,
√
Xj

√
Yj

)
. (33)

As per the standard technique of error propagation, we expand the nonlinear function of Xi,
√
Xi, to a polynomial

around X̄i with the variable X̃i ≡ Xi − X̄i which we truncate to 2nd order

√
X ≈

√
X̄ +

1

2
√
X̄
X̃ − 1

8
√
X̄

3 X̃
2, (34)

√
Y ≈

√
Ȳ +

1

2
√
Ȳ
Ỹ − 1

8
√
Ȳ

3 Ỹ
2. (35)

We can now treat each term in (33) and express them using moments we directly measure. Keeping terms up degree

2 in X̃, Ỹ and Z̃ we have

Cov
(√

Xi

√
Yi,
√
Xj

√
Yj

)
≈
√
X̄iX̄j ȲiȲj

(
Cov(Xi, Xj)

4X̄iX̄j
+

Cov(Xi, Yj)

4X̄iȲj
+

Cov(Xj , Yi)

4X̄j Ȳi
+

Cov(Yj , Yj)

4Ȳj Ȳj

)
, (36)
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Expected

Lower Bound

FIG. 11. Lower bound on the estimate of the entanglement witness, W , as a function of three-photon drive strength, g, showing
the maximum possible systematic error due to gain calibration. The data point where W < 0 is not included.

and

Cov
(
Z,
√
Xi

√
Yi

)
≈

√
X̄

2
√
Ȳ
Cov(Z, Y ) +

√
Ȳ

2
√
X̄

Cov(Z,X). (37)

Combining these, we find the variance of the witness value is

Var(W ) =Var(Z)−
√
X̄√
Ȳ
Cov (Z, Y )−

√
Ȳ√
X̄

Cov (Z,X)

3∑
i,j=1

√
X̄iX̄j ȲiȲj

(
Cov(Xi, Xj)

4X̄iX̄j
+

Cov(Xi, Yj)

4X̄iȲj
+

Cov(Xj , Yi)

4X̄j Ȳi
+

Cov(Yj , Yj)

4Ȳj Ȳj

)
. (38)

B. Systematic Error

The principal sources of systematic error are the imprecision in absolute system calibration and the slow-varying
gain drift in the amplifiers which we attribute to the HEMT.

We account for the imprecision in absolute system calibration by using a strict upper bound estimate on the gain
to demonstrate that we observe entanglement in our system even if there is some error in our best estimate of the
true gain. By looking at the calculations of the correlators in section III C, it’s easy to see that:

W ∝ 1√
G1G2G3

, (39)

up to some constant offset due to the thermal correction. This inverse square root proportionality means that any
overestimation of the gain directly causes an underestimation of the entanglement witness. As such, we can use the
fact that we measure a strict upper bound gain value for each mode using the gain calibration technique described in
section IVB to set a lower bound on W . The systematic lower bound on W relative to the reported value is shown
on Fig. 11, which shows that we would observe entanglement (W > 0) even using the lower bound estimate.

To quantify the uncertainty due to gain drift, we apply a weak probe tone through the TWPA pump line at the
three mode frequencies in the same way as described in section IVC1 such that the output power is strictly dependent
on the gain from the amplifier chain. We then record the output power every minute for about 24 hours to match the
measurement period used to compute the entanglement witness. The relative uncertainty of the coherent power over
these periods is the same as the relative uncertainty in gain used for the calculation of the entanglement witness:

δPprobe ≡
√

Var(Pprobe)

Pprobe

=

√
Var(G)

G
≡ δG.

(40)
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We then obtain gain variances for each of the three modes and can perform an error propagation on these relative
uncertainties. From eq. (39), the relative error in G due to propagated long timescale gain uncertainty is:

δW =
δG2 + δG1 + δG3

2
. (41)

It is not impossible that the coherent power source also fluctuates adding its own contribution to the relative
variance of the noise power. However, this can only lead to us overestimating the drift in gain which means we are at
least placing an upper bound on this uncertainty. We find that over time bins equal to our measurement period, the
relative uncertainty is: δW = 3.5%.

The total uncertainty in W due to both systematic error and statistical uncertainty is given by

∆W =
√
Var(W ) +W · δW, (42)

where we take a linear sum of the two errors under the conservative assumption that there could be perfect correlation
between drifts of different timescales.

VI. STEADY-STATE PERTURBATION THEORY

We study the dissipative dynamics described by the master equation

dρ̂

dt
= (L0 + L1) [ρ̂], (43)

with the dissipator

L0[ρ̂] =
∑
j

γj
2

(
2âj ρ̂â

†
j − â†j âj ρ̂− ρ̂â†j âj

)
, (44)

which describes three-independent environments at zero temperature for the three bosonic modes âi, i = 1, 2, 3. The
steady state corresponding to this dissipative dynamics is ρ̂ss = |000⟩ ⟨000|. On the other hand, the superoperator L1

describes the unitary evolution under a nondegenerate three-photon drive

L1[ρ̂] = −ig
[
â1â2â3 + â†1â

†
2â

†
3, ρ̂
]
. (45)

Here, we restrict to the weak driving regime in which the three-photon drive strength g is small compared to the
total decay rate γT =

∑
i γi of the three cavity modes, i.e., g ≪ γT . In this regime, we can calculate perturbative

corrections to the photon vacuum state due to the three-photon drive. In this analysis we ignore the presence of Kerr
and cross-Kerr interaction terms as they are negligible in the few-photon regime.

We consider the following perturbative expansion for the steady-state density matrix

ρ̂ss = ρ̂(0)ss + λρ̂(1)ss + λ2ρ̂(2)ss +O(λ3), (46)

where λ ≡ g/γT , i.e., the ratio between the three-photon drive strength to the total decay rate is the expansion

parameter. Here ρ̂
(0)
ss = |000⟩ ⟨000| corresponds to the steady-state of L0, i.e., L0ρ̂

(0)
ss = 0. The different order

corrections can be calculated by iteratively solving

L0[ρ̂
(n)
ss ] = −L1[ρ̂

(n−1)
ss ], (47)

for n ≥ 1.

A. First-order correction

To begin, we need to solve

L0[ρ̂
(1)
ss ] = ig (|111⟩ ⟨000| − |000⟩ ⟨111|) . (48)

The above equation is satisfied by an ansatz of the form ρ̂
(1)
ss ∝ i(|111⟩ ⟨000| − |000⟩ ⟨111|). From this the first-order

correction immediately follows

ρ̂(1)ss = i

(
2g

γT

)
(|000⟩ ⟨111| − |111⟩ ⟨000|) . (49)
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B. Second-order correction

This time we need to solve

L0[ρ̂
(2)
ss ] =

(
4g2

γT

)[
|000⟩ ⟨000| − |111⟩ ⟨111|+

√
2 (|222⟩ ⟨000|+ h.c.)

]
. (50)

It is straightforward to verify that an ansatz of the form

ρ̂(2)ss = β |111⟩ ⟨111|+ δ(|222⟩ ⟨000|+ |000⟩ ⟨222|) + ϵ |011⟩ ⟨011|+ θ |101⟩ ⟨101|+ ψ |110⟩ ⟨110|
+ κ |100⟩ ⟨100|+ ξ |010⟩ ⟨010|+ χ |001⟩ ⟨001| (51)

generates all of the necessary terms on the right hand side of (50) upon the action of L0. Solving for all of the
individual terms, we obtain the expansion parameters

β =

(
2g

γT

)2

, (52)

δ = −
√
2

(
2g

γT

)2

, (53)

ϵ =

(
2g

γT

)2
γ1

γ2 + γ3
, (54)

θ =

(
2g

γT

)2
γ2

γ1 + γ3
, (55)

ψ =

(
2g

γT

)2
γ3

γ1 + γ2
, (56)

χ =

(
2g

γT

)2
γ1γ2
γ3

(
1

γ1 + γ3
+

1

γ2 + γ3

)
, (57)

ξ =

(
2g

γT

)2
γ1γ3
γ2

(
1

γ1 + γ2
+

1

γ2 + γ3

)
, (58)

κ =

(
2g

γT

)2
γ2γ3
γ1

(
1

γ1 + γ2
+

1

γ1 + γ3

)
. (59)

C. Expectation values calculations

Armed with the first- and second-order perturbative corrections to the steady-state, we calculate the different
correlators contributing to the entanglement witness studied in the main text. The absolute value of the three-photon
correlator is given by

|⟨â1â2â3⟩| =
2g

γT
. (60)

Only the first-order correction contributes to the above expression, while the second-order correction contributes to

both, the mean number of photons ⟨n̂i⟩ = ⟨â†i âi⟩

⟨n̂i⟩ =
(
2g

γT

)2
γT
γi
, (61)

and the number-number correlators ⟨n̂in̂j⟩ = ⟨â†i âiâ
†
j âj⟩

⟨n̂in̂j⟩ =
(
2g

γT

)2(
γT

γi + γj

)
. (62)

In the following section we show how to calculate the above correlators for the filtered output field.
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VII. PERTURBATIVE STEADY-STATE OUTPUT FIELD CORRELATIONS

Correlators or expectation values of products of the filtered output field operators Âi =
∫∞
0

dt′ f(t′)âout,i(t
′) and

their Hermitian conjugates result from the integration of multi-time output field correlations. For instance, the mean

number of photons in mode i, ⟨N̂i⟩ = ⟨Â†
i Âi⟩ is given by the following relation

⟨Â†
i Âi⟩ =

∫ ∞

0

dt′′
∫ ∞

0

dt′ f∗(t′′)f(t′)⟨â†out,i(t
′′)âout,i(t

′)⟩ss. (63)

For simplicity, we restrict to real-valued filter functions, i.e., f∗(t) = f(t). In turn, multi-time correlations can be
calculated from the master equation governing the dynamics of the three-mode system by first, using the input-
output relation to map output modes into cavity modes. For the case of an environment at zero-temperature, output

multi-time correlators trivially map into cavity ones via the replacement â
(†)
out,i(t) → √

γext,i â
(†)
i (t), where γext,i is

the external decay rate of mode i [9]. Here, we only consider steady-state correlations. As we detail in the following
subsections, this means that the steady-state is taken as an initial condition to calculate the different order multi-time
correlations. Once again, we consider our second order approximation to the steady-state and also treat the time
evolution under the full Liouvillian in a perturbative fashion.

A. Steady-state output field two-time correlations

As seen above, the two-time correlations required to calculate the output field mean number of photons are

⟨â†out,i(t′′)âout,i(t′)⟩ss = γext,i⟨â†i (t′′)âi(t′)⟩ss, with γext,i the external decay rate of mode i. Considering t′′ > t′,

the two-time cavity field correlator is given by [9]

⟨â†i (t
′′)âi(t

′)⟩ss = tr
[
â†i e

L(t′′−t′)âiρ̂ss

]
, (64)

with L, the total Liouvillian. In our case we can write L = L0+L1 (see above), where L1 is treated as a perturbation.
Up to first-order in L1, the propagator V (t) ≡ exp(Lt) can be approximated by [10]

V (t) = V0(t) + V1(t) +O(λ2) (65)

= eL0t + eL0t

∫ t

0

dt1 e
−L0t1L1e

L0t1 +O(λ2). (66)

Notice that V0(t) corresponds to the “free” propagator, that is, the propagator in the absence of a perturbation. We
can use the above expression to solve (64) for mode 1, i.e., âi = â1

⟨â†1(t′′)â1(t′)⟩ss = tr

{
â†1

[
eL0(t

′′−t′) + eL0(t
′′−t′)

∫ (t′′−t′)

0

dt1 e
−L0t1L1e

L0t1

]
(â1ρ̂ss)

}
(67)

= tr
[
â†1e

L0(t
′′−t′) (â1ρ̂ss)

]
+ tr

{
â†1

[
eL0(t

′′−t′)

∫ (t′′−t′)

0

dt1 e
−L0t1L1e

L0t1

]
(â1ρ̂ss)

}
. (68)

Looking at the first term on the right hand side of (68), a quick inspection of our second-order approximation to the
steady-state suffices to realize that the terms β |111⟩ ⟨111|, θ |101⟩ ⟨101|, ψ |110⟩ ⟨110| and κ |100⟩ ⟨100| give the first
nonzero order (λ2 )contribution to (68). Using the relation

L0 |0⟩i ⟨n| = −nγi
2

|0⟩i ⟨n| , (69)

as well as

eL0t |1⟩i ⟨1| = e−γit |1⟩i ⟨1|+ (1− e−γit) |0⟩i ⟨0| , (70)

it is straightforward to calculate

tr
[
â†1e

L0(t
′′−t′) (â1ρ̂ss)

]
= e−γ1(t

′′−t′)/2(β + θ + ψ + κ). (71)
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In the second term on the right hand side of (68) the only correction of order λ2 originates from the term
−i(2g/γT ) |111⟩ ⟨000|. Similarly to the previous case, it is straightforward to show that

tr

{
â†1

[
eL0(t

′′−t′)

∫ (t′′−t′)

0

dt1 e
−L0t1L1e

L0t1

]
(â1ρ̂ss)

}
=

(
2g

γT

)2
γT

γ2 + γ3 − γ1

[
e−γ1(t

′′−t′)/2 − e−(γ2+γ3)(t
′′−t′)/2

]
.

(72)

Combining both results we have

⟨â†1(t′′)â1(t′)⟩ss =
(
2g

γT

)2{
γT
γ1

e−γ1(t
′′−t′)/2 +

γT
γ2 + γ3 − γ1

[
e−γ1(t

′′−t′)/2 − e−(γ2+γ3)(t
′′−t′)/2

]}
+O(λ3). (73)

Similar expressions hold for the other two modes.
From here, the filtered output mode correlations are obtained via integration

⟨N̂i⟩ = γext,i

∫ ∞

0

dt′′
∫ ∞

0

dt′ f(t′′) f(t′)⟨â†i (t
′′)âi(t

′)⟩ss (74)

= γext,i

∫ ∞

0

dt′′
∫ t′′

0

dt′ f(t′′) f(t′)⟨â†i (t
′′)âi(t

′)⟩ss

+ γext,i

∫ ∞

0

dt′′
∫ t′′

0

dt′ f(t′) f(t′′)⟨â†i (t
′)âi(t

′′)⟩ss, (75)

where we have split the integration up by time orderings which must be treated separately, and where we have
considered a real-valued function f(t). The time antiordered correlator is defined as [9]

⟨â†i (t
′)âi(t

′′)⟩ss = tr
[
âie

L(t′′−t′)
(
ρ̂ssâ

†
i

)]
. (76)

It is straightforward to show that the time antiordered correlator gives an identical contribution to (73).
Finally, we can write a general expression for the mean-number of photons in the filtered output of mode 1

⟨N̂1⟩ = 2γext,1

(
2g

γT

)2 ∫ ∞

0

dt′′
∫ t′′

0

dt′ f(t′′) f(t′) ⟨â†1(t′′)â1(t′)⟩ss, (77)

with the ordered two-time correlator given by (73). The factor of 2 on the right hand side results from both the time-
ordered and the time antiordered contributions being identical to each other. As the filter function f is independent
of g, the only effect of the integration is to alter the prefactor in front of g2 as compared to the corresponding relation
for the cavity field. Thus, the quadratic scaling in g holds for both the cavity, and the filtered output field.

B. Steady-state output field three-time correlations

Three-time output field correlations are much simpler to calculate as the output annihilation operators commute
with each other. The lowest order contribution to the time-ordered correlator ⟨âout,k(t′′′)âout,j(t′′)âout,i(t′)⟩ss (t′′′ >
t′′ > t′, i ̸= j ̸= k) results from evolving the approximated steady-state with the free propagator V0(t). We use the
indices i, j and k to denote an arbitrary ordering of the output operators. Using relations (69) and (70) we find that

⟨âout,k(t′′′)âout,j(t′′)âout,i(t′)⟩ss =
√
γext,1 γext,2 γext,3 ⟨âk(t′′′)âj(t′′)âi(t′)⟩ss (78)

=
√
γext,1 γext,2 γext,3 tr {âk {V0(t′′′ − t′′) {âj [V0(t′′ − t′) (âiρ̂ss)]}}} (79)

=
√
γext,1 γext,2 γext,3

(
−2ig

γT

)
e−(γj+γk)(t

′′−t′)/2e−γk(t
′′′−t′′)/2. (80)

In this case, the only nonzero contribution comes from the first-order correction to the steady-state −iλ |111⟩ ⟨000|.
To calculate the filtered output field three-photon correlator

⟨Â3Â2Â1⟩ =
∫ ∞

0

dt′ dt′′ dt′′′ f(t′)f(t′′)f(t′′′)⟨âout,3(t′′′)âout,2(t′′)âout,1(t′)⟩ss, (81)
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we need to consider all of the possible time orderings inside of the integral. Without loss of generality we can fix
t′′′ > t′′ > t′, and split the total integral into a sum of 3! terms corresponding to all possible permutations of t′, t′′ and
t′′′. Once we have assigned a time variable to each output operator âout,i we can time-order them, that is, arrange
them from right to left in order of increasing time using the fact that the output operators commute with each other.
The resulting expression for the three-photon correlator is

⟨Â3Â2Â1⟩ =
∑

perm{i,j,k}

∫ ∞

0

dt′′′
∫ t′′′

0

dt′′
∫ t′′

0

dt′ f(t′)f(t′′)f(t′′′)⟨âout,k(t′′′)âout,j(t′′)âout,i(t′)⟩ss, (82)

where we sum over all possible permutations of the mode indices 1, 2 and 3.

C. Steady-state output field four-time correlations

As an example, let us directly consider the calculation of the number-number correlator ⟨N̂2N̂3⟩

⟨N̂2N̂3⟩ =
∫ ∞

0

dt4 dt3 dt2 dt1 f
∗(t4)f(t3)f

∗(t2)f(t1)⟨â†out,2(t4)âout,2(t3)â
†
out,3(t2)âout,3(t1)⟩ss,

=

∫ ∞

0

dt4 dt3 dt2 dt1 f(t4)f(t3)f(t2)f(t1)⟨â†out,2(t4)â
†
out,3(t2)âout,2(t3)âout,3(t1)⟩ss, (83)

where the second line follows from the fact that field operators for different modes commute with each other, and
we are restricting to real-valued filter functions f . From here on, we follow the prescription introduced in Ref. [9] to
calculate the multi-time correlator; we consider a normally ordered product of time-ordered annihilation operators
and time antiordered creation operators. This is always possible to do as annihilation (creation) operators for different
modes commute. This means we can always bring any four-time correlator to the following form [9]

⟨B̂1(r1)B̂2(r2)Ĉ2(s2)Ĉ1(s1)⟩ (84)

with r2 > r1 and s2 > s1. Here the B̂ operators represent creation operators, and the Ĉ operators represent
annihilation operators. To solve this, we first time order the set {r1, r2, s1, s2}. Let us denote the time ordered

elements zl, with l = 1, 2, 3, 4 and z4 > z3 > z2 > z1. Next, we define the superoperators F̂l acting at time zl as

F̂l[Ô] = ĈiÔ, if zl = si (85)

F̂l[Ô] = ÔB̂j , if zl = rj , (86)

where Ô corresponds to an arbitrary operator. Finally, we have

⟨B̂1(r1)B̂2(r2)Ĉ2(s2)Ĉ1(s1)⟩ = tr
{
F̂4V (t4 − t3)F̂3V (t3 − t2)F̂2V (t2 − t1)F̂1ρ̂ss

}
. (87)

Here we restrict to the lowest order (λ2) terms contributing to this correlator. These contributions arise from the terms
β |111⟩ ⟨111|+ ϵ |011⟩ ⟨011|, and i(2g/γT ) (|000⟩ ⟨111| − |111⟩ ⟨000|) in our steady-state approximation. Starting from
β |111⟩ ⟨111|+ ϵ |011⟩ ⟨011|, a nonzero contribution is obtained through the evolution with V0(t) solely, i.e., replacing
the four V propagators in (87) by V0. Fixing t4 > t3 > t2 > t1, the sum over all possible 4! permutations of the time
indices is given by

∑
perm{i,j,k,l}

⟨â†2(ti)â2(tj)â
†
3(tk)â3(tl)⟩ss = 4

(
2g

γT

)2
γT

γ2 + γ3

×
[
eγ2t1−0.5γ2t3−0.5γ2t4+0.5γ3t1−0.5γ3t2 + eγ2t1−0.5γ2t2−0.5γ2t4+0.5γ3t1−0.5γ3t3

+ e0.5γ2t1−0.5γ2t4+γ3t1−0.5γ3t2−0.5γ3t3 + eγ2t1−0.5γ2t2−0.5γ2t3+0.5γ3t1−0.5γ3t4

+ e0.5γ2t1−0.5γ2t3+γ3t1−0.5γ3t2−0.5γ3t4 + e0.5γ2t1−0.5γ2t2+γ3t1−0.5γ3t3−0.5γ3t4
]
.

(88)

On the other hand, starting from i(2g/γT ) (|000⟩ ⟨111| − |111⟩ ⟨000|), a nonzero correction is obtained by replacing a
single one of the V propagators in (87) by V1 and the other three by V0. Replacing V (t2 − t1) by V1(t2 − t1) in (87),
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and taking into account all possible time indices permutations yields

∑
perm{i,j,k,l}

⟨â†2(ti)â2(tj)â
†
3(tk)â3(tl)⟩ss = −2

(
2g

γT

)2
γT

γ1 − γ2 − γ3

{
e0.5[−γ1(t2−t1)−γ2(t4+t3−t2−t1)]

− e0.5[−γ3(t2−t1)−γ2(t4+t3−2t1)] − e0.5[−γ2(t4+t2−2t1)−γ3(t3−t1)]

+ e0.5[−γ1(t2−t1)−γ2(t4−t2)−γ3(t3−t1)] − e0.5[−γ2(t4−t1)−γ3(t3+t2−2t1)]

+ e0.5[−γ1(t2−t1)−γ2(t4−t1)−γ3(t3−t2)] + e0.5[−γ2(t3+t2−2t1)−γ3(t4−t1)]

+ e0.5[−γ1(t2−t1)−γ2(t3−t2)−γ3(t4−t1)] − e0.5[−γ2(t3−t1)−γ3(t4+t2−2t1)]

+ e0.5[−γ1(t2−t1)−γ2(t3−t1)−γ3(t4−t2)] − e0.5[−γ2(t2−t1)−γ3(t4+t3−2t1)]

+ e0.5[−γ1(t2−t1)−γ3(t4+t3−t2−t1)]
}
. (89)

Similarly, replacing V (t3 − t2) by V1(t3 − t2) in (87) yields

∑
perm{i,j,k,l}

⟨â†2(ti)â2(tj)â
†
3(tk)â3(tl)⟩ss = −

(
2g

γT

)2
γT e−γ1(t2−t1)/2

γ1 − γ2 − γ3

[
e−γT (t3−t2)/2 − 1

]
×
[
e0.5(γ2t2+γ3t1) + e0.5(γ2t1+γ3t2)

] [
e−0.5(γ2t4+γ3t3) + e−0.5(γ2t3+γ3t4)

]
. (90)

Finally, it is apparent from the structure of the initial state that the contribution obtained from replacing V (t4 − t3)

by V1(t4 − t3) is identical to zero. Therefore, the lowest order contribution to the ⟨N̂2N̂3⟩ correlator is obtained
by integrating the sum of (88), (89) and (90), weighed by the product of the filter function f at different times for
t4 > t3 > t2 > t1.

VIII. NUMERICAL METHODS - INPUT-OUTPUT WITH QUANTUM PULSES

In Ref. [11] the authors introduced a quantum cascaded system approach to describe the dynamics of a quantum
system being driven by a continuum of modes and/or emitting radiation into a continuum of modes in a given temporal
envelope or wave-packet. We briefly review the theory behind this method below. In the case of our experimental
setup, the quantum system corresponds to the nonlinear microwave resonator, the input port corresponds to the flux
line and the output port to the readout transmission line.

In our numerical treatment we neglect the coupling to the flux line and describe the effect of the continuous
modulation of the SQUID loop on the resonator modes using Hamiltonian (2) in the main text.

First, we review the input-output with quantum pulses formalism for the case of a single resonator mode emitting
radiation into a single wave-packet mode.

A. Single-mode case

In order to describe the emission of the continuously driven microwave resonator in an arbitrary wave-packet v(t),
we introduce a fictitious linear resonator with a time-dependent coupling strength gv(t) to the transmission line. This
fictitious resonator permits us to describe the dynamics of the wave-packet mode propagating through the waveguide
using a zero-dimensional quantum system. As we will detail later, choosing the correct time-dependence for the
coupling strength guarantees that the propagating wave-packet is absorbed by the fictitious resonator.

We denote by â (â†) the annihilation (creation) operator of the physical resonator. On the other hand, we denote
âv (â†v) the annihilation (creation) operator of the fictitious resonator. Now, both modes â and âv are coupled to the
same transmission line with strengths

√
γext and gv(t) respectively according to the interaction Hamiltonian in the

Born-Markov approximation

Ĥint(t) = i

√
γext
2π

∫
dω
[
â b̂†(ω) e+iωt − h.c.

]
+ i

gv(t)√
2π

∫
dω
[
âv b̂

†(ω) e+iωt − h.c.
]
, (91)
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with b̂(ω) [b̂†(ω)] the bosonic annihilation (creation) operators of the continuous transmission line field. The situation
in which the output from the physical resonator is fed unidirectionally into the fictitious one is described using the
formalism of cascaded systems [12]. The goal is to eliminate the degrees of freedom of the transmission line and derive
an effective Lindblad-Gorini-Kossakowski-Sudarshan (LGKS) quantum master equation describing the dynamics of
two coupled resonators. In the limit of negligible delay times, the dynamics of the two resonator modes is described
by the following effective Hamiltonian

Ĥeff(t) = Ĥr +
i
√
γext

2

[
gv(t)â

†
vâ− g∗v(t)âvâ

†] , (92)

and the effective decay operator

L̂eff(t) =
√
γextâ+ gv(t)âv (93)

with Ĥr, the Hamiltonian of the physical resonator. We purposefully neglect the coherent dynamics of the fictitious
resonator. Thus, the dynamics of the total system is described by the LGKS equation

∂tρ̂ = −i[Ĥeff(t), ρ̂] +D[L̂eff(t)]ρ̂+
∑
i

D[L̂i]ρ̂, (94)

with D[Ô]· = Ô · Ô† − 1
2 Ô

†Ô · − 1
2 · Ô†Ô the dissipator superoperator. In (94) we have also included other possible

decoherence processes (e.g. thermal gain, photon-number dephasing, etc.) described by the L̂i operators.
The last step of the derivation deals with finding the temporal profile for the coupling strength gv(t). To do this, we

consider only the fictitious resonator coupled to the transmission line, i.e., the second line in (91). The time evolution
of the fictitious resonator field operator is given by

âv(t) = exp

[
−1

2

∫ t

0

dt′ |gv(t′)|2
]
âv(0)

+

∫ t

0

dt′
{
−gv(t′) exp

[
−1

2

∫ t

t′
dt′′ |gv(t′′)|2

]}
b̂in(t

′). (95)

The operator b̂in corresponds to the output field from the physical resonator which, at the same time, corresponds to

the input field to the fictitious resonator. We want to find gv(t) such that âv(t→ ∞) =
∫∞
0

dt′ v∗(t′)b̂in(t
′).

This will be the case provided that the first term on the right hand side of (95) vanishes in the t → ∞ limit, and
that

v∗(t) = −gv(t) exp
[
−1

2

∫ ∞

t

dt′ |gv(t′)|2
]
, (96)

which follows from the term in curly braces on the second line of (95). Our starting point is Eq. (96). In order to
solve for gv(t) as a function of v(t) we will make the following assumptions

|gv(t)|2dt =
dF (t)

F (t)
, (97)

F (t→ ∞) = 1. (98)

From these it follows that

exp

[
−1

2

∫ ∞

t

dt′ |gv(t′)|2
]
=
√
F (t). (99)

Thus, from (96) we have gv(t) = −v∗(t)/
√
F (t). In order to satisfy the conditions (97) and (98), we choose F (t) =∫ t

0
dt′ |v(t′)|2. In this way, we arrive at

gv(t) = − v∗(t)√∫ t

0
dt′ |v(t′)|2

. (100)

Finally, notice that F (0) = 0. This guarantees that the first term on the right hand side of (95) vanishes as t→ ∞.



25

FIG. 12. Filtered output field correlators as a function of the width ∆T of a boxcar filter. Analytical results following from our
perturbative analysis are shown in dashed lines while numerical results following from the input-output with quantum pulses
method are shown in solid lines. The choice of parameters g/2π = 0.03 MHz and γT /2π = 3.032 MHz validate the perturbative
treatment. The rest of the parameters are given in the main text.

B. Multi-mode case

The situation we envision is the following. Three resonator modes with bosonic annihilation (creation) operators

âj (â†j) interact via the Hamiltonian Ĥr. Each of these modes couples with strength
√
γext,j to a transmission line.

As the propagating fields at different frequencies do not interact with each other we can treat them independently.
In other words, we introduce one individual environment for each resonator mode. Each of these environments
will in turn, couple to a virtual cavity with time-dependent strength gv,j(t). These virtual cavities will store the
corresponding propagating states in the wave-packet functions vj(t). This situation is described by the following
interaction Hamiltonian

Ĥint(t) = i

3∑
j=1

√
γext,j
2π

∫
dω
[
âj b̂

†
j(ω) e

+iωt − h.c.
]

+ i

3∑
j=1

gv,j(t)√
2π

∫
dω
[
âv,j b̂

†
j(ω) e

+iωt − h.c.
]
. (101)

Due to the independence of the propagating outputs, it is straightforward to generalize the single-mode case studied
in the previous sub-section. Proceeding this way, the effective Hamiltonian becomes

Ĥeff(t) = Ĥr +
∑
j

i
√
γext,j

2

[
gv,j(t)â

†
v,j âj − g∗v,j(t)âv,j â

†
j

]
. (102)

On the other hand, we obtain three effective decay operators for the different output modes

L̂eff,j(t) =
√
γext,j âj + gv,j(t)âv,j . (103)

Finally, the full dynamics of the three resonator modes and three output modes system is described by the LGKS
master equation

∂tρ̂ = −i[Ĥeff(t), ρ̂] +

3∑
j=1

D[L̂eff,j(t)]ρ̂+
∑
i

D[L̂i]ρ̂. (104)

Once again, we have included other possible decoherence processes described by the L̂i operators. We solve this
equation numerically using QuTiP [13].

In Fig. 12 we calculate numerically (solid lines) the correlators ⟨Â1Â2Â3⟩, ⟨N̂i⟩, and ⟨N̂iN̂j⟩ which contribute to
the entanglement witness W for the case of a boxcar filter function of width T . These are obtained by numerically
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solving (104) for

Ĥr = g
(
â1â2â3 + â†

1â
†
2â

†
3

)
−
∑
n,m

χnmâ
†
nâ

†
mânâm, (105)

and considering internal and external (single-photon) losses with decay rates γint,i and γext,i (respectively) for each

mode âi (internal losses correspond to the L̂i channels in (104), i.e., L̂i =
√
γint,i âi). The parameters considered

in our simulations are: g/2π = 0.03 MHz, the internal decay rates are γint,1/2π = 0.035 MHz, γint,2/2π = 0.097
MHz, γint,3/2π = 0.308 MHz, and the external decay rates are γext,1/2π = 0.604 MHz, γext,2/2π = 1.242 MHz,
γext,3/2π = 0.746 MHz. The Kerr and cross-Kerr strengths χnm are taken from Table II by considering mode 1 as
the mode with frequency 5.560 GHz, mode 2 as the mode with frequency 6.831 GHz and mode 3 as the mode with
frequency 7.902 GHz.

Due to the large Hilbert space corresponding to 6 bosonic modes, i.e., three resonator modes and three fictitious
resonator modes, we solve the nonunitary dynamics of the system using quantum trajectories. This is the cause of
the wiggly solid lines observed in the figure. For this simulation, we truncated the Hilbert space of each bosonic mode
to 6 excitations, that is, a total Hilbert space dimension of 66. In the weak-driving regime considered in this work,
a very large number of trajectories is necessary in order to average out the effects of quantum fluctuations. In the
example shown we have considered a total of 105 trajectories.
To verify the validity of our numerical results, we compare them against analytical solutions derived using pertur-

bation theory (dashed lines) following Sect. VII. We observe a very good agreement with the analytical solution. A
small disagreement is expected as the analytical solution neglects Kerr nonlinearities.
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