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In this supplemental material, we first derive the effective Lindblad operator of the common
reservoir. Then, we present the evolution equation of the operators within the squeezing framework.
Considering the impact of the squeezed-cavity frequency, we conduct a systematic analysis. We
further provide analytical expressions for the energy and ergotropy of the quantum battery, including
a detailed illustration of the energy storage mechanism and the limitations that constrain the storage
process. Finally, a detailed analysis was conducted on the scattering coefficient matrix of the optical

isolator.
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I. DERIVATION OF THE EFFECTIVE LINDBLAD OPERATOR FOR THE COMMON RESERVOIR

Two bosonic modes coupled to a common reservoir exhibit the collective dissipative channel governed by the effective
Lindblad operator L. = vT (paa + ppb). We show that this mechanism can be implemented either via an auxiliary
cavity mode that is adiabatically eliminated, or via directly coupling to a common one-dimensional waveguide.

A. Constructing L. via the auxiliary cavity mode

We first consider two cavity modes a and b with the same frequency, interacting through a strongly damped auxiliary
cavity mode z. In this configuration, the auxiliary mode decays rapidly and continually extracts information from
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the cavity modes a and b. Adiabatic elimination of this fast mode generates an effective Lindblad operator L.. The
detailed derivation is as follows. The Hamiltonian of the total system is

Htot — H_|_HZ + Hint, (Sl)

with H? = 6zfz, H™ = (gea + gpb)2" + H.c. = Qz' + H.c., where § denotes the detuning between the cavity mode
and the reservoir. The dynamics obeys the master equation

Prot = —i[Ht0t7 Prot) + KL[Z]pror = Lptot + Lzprot + Vprots (52)

where Lo = —i[H,e|, L. = —i[H? o] + r_.L[z]e, and Ve = —i[H™™ o] with L[o]p = opo’ — 1/2{0%0, p}. Because
the auxiliary mode is strongly dissipative, k., > {ga,,9, ||H||}, the evolution of the subsystem governed by H
is relatively slow, whereas the sector described by H? relaxes rapidly. The auxiliary cavity relaxes to its unique
steady state p%* = |0),(0|, which satisfies £,p%* = 0. To eliminate the fast subsystem, we employ the standard
adiabatic-elimination expansion p = >,., Lip, where p = Tr.(psot) represents the density operator of the system

composed of cavity modes a and b [S1-S3]. The zeroth-order contribution vanishes because the fast sector remains in
P35, with Lop = 0 [S4]. Under the first-order approximation, we obtain [S1]

Lip=Lp+Tr.(Vpior) = Lp — iTro([H™, p @ p3¥]) = Lp. (S3)

Furthermore, the dynamics of the slow subsystem can be represented by a linear, time-invariant Kraus map I,
such that the full density matrix satisfies pyor = K(p). Within the adiabatic-elimination expansion, the second-order
contribution to the effective generator is given by [S1]

L2P = TrZ(V(lCl(p))), (84)

with K1(p) = TK.(V(p ® p%*)) + G1,5(p). Here Gy is the gauge choice associated with the completely-positive,
trace-preserving representation for the reduced slow dynamics, where we select G 5(p) = —7Ir,(V(p ® p¥)) for
simplicity [S1, S5]. With this choice, we have

Ki(p) =TK.(V(p @ p2)) = TTr.(V(p @ p¥))
= 7K. (Qp @ [1).(0] — pQT @ 10).(1]) + iTTr.(Qp @ [1).(0] — pQT @ |0).(1])

T
~ (s @ -0l - ALz o -1, (55)

Then, the second—order contribution

Lap = Tr.(V(K1(p))) = —iTe. ([H™, K1 (p)])
_ QQp QpQT QeQT  pQ'Q
i K. /2 —i0+ k.2 6+ kKL/2  —id+K./2

= 20(QpQ" ~ L{Q'Q.p}) +ildH. 4], (S6)

where o = k(262 + k%/2)71, 6H = BQTQ, and B = 6[6% + (k./2)?] L.
Combining the zeroth-, first-, and second-order contributions in the adiabatic—elimination expansion, we obtain the
effective master equation governing the reduced slow subsystem,

with I'eg = 2a.

When the auxiliary mode is resonant with the system, one has § = 0, and therefore §H = 0. In this case, the
effective dissipative rate reduces to Iy = 4/K,. Moreover, the operator @ can be written as Q = g(psa + ppb).
As long as both coupling coefficients g, and g, are nonzero, they can be rescaled so that |p.||pp] = 1, with the
overall magnitude absorbed into the coupling constant g. Consequently, the dissipative rate used in the main text is
I' = g/Terr, and the effective Lindblad operator is L. = \E(paa + ppb).

B. Constructing L. via a common waveguide

We demonstrate that directly coupling two cavity modes to a common 1D waveguide also provides a route to
construct the collective dissipation operator L.. Considering two cavity modes a and b at positions R, = —d/2 and



R, = d/2, the annihilation operators for the left- and right-propagating modes in the waveguide are denoted by 2 r,
and 2 . The total Hamiltonian is

Htot — H_|_HZ 4 Hint, (SS)
where the waveguide Hamiltonian is
H? = Z Vk(Z;];LZk,L + ZIZ,RZ’WR)? (S9)
k

with k£ denotes the wave vector of the propagating mode and vy, is the corresponding mode frequency. The interaction
Hamiltonian is

H™ =) Z \f hizi re™ ™ + haf pe™st + bz L™ + hal em™h). (S10)
h=ab k

The evolution of the operator O (cavity modes subspace) in the Heisenberg picture is given by

do
—p = ilH.0] +i Y \/ ([, Olzr,.r + [h, O)z g+ [h1, 0z, L+ [h, Ol 1). (S11)
h=a,b

In deriving the dissipative terms, we have used
Z lgx|? / e~ Hw—v)(t=") gr — Z27r|gk\25(w — ) = L/27T/dk27r|gk|25(w — )
k k

= L/27r/dk:27r|gk\26(w — i) = |go|*/vg, (512)

which yields the decay rate T's, = |gh|? /v, under the standard normalization g = gh/v/L. Here, v, = dvy,/dk denotes
the group velocity of the transmission mode. Under the short-delay (Markovian) approximation, where retardation
effects are neglected, the free-evolution approximation h(t — 7) ~ h(t)e“r™ = h(t)et**? where 7 = d/v, is the
propagation delay associated with the cavity separation d, and kj, = wp/v,. Together with the slowly-varying decay-
rate approximation I',(t — 7) &~ I'y(¢), and the assumption of vacuum input fields for the waveguide. The above
formula can be further expressed as [S6]

dO

ot —ikyd
° W[k, Ole—iknd), (S13)

=ilH, 0]+ ) F;(W O — o+ 3 m Ot

h=a.b h#h'=ab

Accordingly, the expectation value of O can be obtained. Since the above relation holds for an arbitrary operator O,
the corresponding equation of motion for the density matrix can be directly identified, yielding the master equation

d .
d{ = —i[H+Hypl+ Y TwD(hH)p, (S14)

h,h/=a,b

where the waveguide-mediated exchange interaction between the two cavities is H; = J'a'b + J”bla, with J' =
—iy/ToLp/4(e*vd — e=ikad) " Here, T, = T denotes the individual decay rate, and oy = T, = /Talp(e?d +
e~ tkad) /2 characterizes the cooperative dissipation. The superoperator is defined as D(A, B)p = BpAt —1/2{ATB, p}.
When the separation between the two cavities satisfies d = 2n7/k, with n € Z, the coherent interaction vanishes,
Hj = 0, while the collective dissipative coupling L, = vT (paa + ppd) is constructed,

dp

E - _i[H’ p] + [’[Lc]pa (815)

where we have set k, =k, =k, 'y =T,

II. EVOLUTION OF THE OPERATORS IN THE SQUEEZING FRAMEWORK

In this section, we consider a general scenario where the cavity modes a and b are squeezed with parameters (74, 6,)
and (13, 0p), respectively, and both are coupled to a common squeezed reservoir characterized by (r., 6.).



We first present the derivation of the master equation describing two cavity modes collectively coupled to a squeezing
reservoir, using the waveguide as a concrete example. Other interactions are omitted for clarity and discussed later.
The interaction Hamiltonian of the cavity modes with the reservoir is

Rei(wb—uk)t + bTZk’Lei(wr‘ruk)t)] + H.c., (S16)

3

N b
Hi = Z [gik((lfzk’Rez(w“_Vk)t + G/TZk’Lel(wQ-ij)t) + %(bTZ

V2

within the Born—Markov approximation, the dynamics of the system is governed by

p(t) = —iTr:[Hin (), p(0) @ p2(0)] —/0 drTr: [Hing (1), [Hint (1), p(7) © pz(0)]]; (S17)

where p.(0) denotes the initial state of the reservoir.
For the squeezed vacuum reservoir, the density operator is given by

Hsk )|0x) (0k[ S (6), (S18)
where the squeeze operator is

1., 1
Sk(§) = exp (55 Zho+kZhko—k — 552110%2;20%)» (S19)
with £ = r.exp(i6.). The correlations can then be obtained:

(zr) = ] [(0415]215,104) = 0

q

(=) = JJ(041S}2LS4104) = 0

q
(zhaw) = [ [(041S]2E54 S 21 S4104) = N,
q
(zn2f) = [ [(0a 2k S0 S5 2L Sal04) = (N + 1),
q
<Zk2'k’> = H<0q|S;ZkSngZk/Sq‘0q> = —M*5k/72k0_k,

q

(zh2) = [](041S] 2880 ST, Sl04) = =Mk 260k, (S20)

q

where N = sinh®r,, M = e~ sinhr, coshr., and ky = wy /vg, with wo is the central frequency of the squeezing
device. These correlations are satisfied for both the left- and right-propagating modes.
Substituting Hiyt into Eq. (S17) and using the aforementioned correlation relationship, we derive the master equation
in the squeezed framework
p=L,N(a'pa — 1/2{aaT,p}) +To(N +1)(apa’ — 1/2{a’a, p}) — TuM(apa — 1/2{aa, p})

— oM (a'pa’ —1/2{a%a’, p}) + Ty N (b pb — 1/2{bb", p}) + Ty (N + 1) (bpb" — 1/2{b"0, p})

— Ty M (bpb — 1/2{bb, p}) = Tp M* (b pb" — 1/2{0b, p}) + Tap N (a'pb — 1/2{ba’, p} + ' pa

—1/2{ab", p}) + Tap(N + 1)(apb’ — 1/2{b"a, p} + bpa’ — 1/2{a'd, p}) — T M (apb — 1/2{ba, p}

+bpa —1/2{ab, p}) — TapM*(alpb' — 1/2{6'a’, p} + bt pat — 1/2{a't", p}), (821)

with dissipation rate I'y, = \g | /g, Tap = v/T'uI's. Assuming I'y =Ty, this expression can be written as
p=(N+1DL[LJp+ NL[LIp - ML'[L]p — M*L'[L]]p. (522)
Furthermore, the Hamiltonian of the system in the squeezing framework is

H, = SgSl(H+HI‘\’IL+H§L)SaSb = wy(alas+bibs)+[Je™ (coshreal —e? sinhryas)(coshrybs —e ™ sinh74bl) 4+ H.c.],



including the local dissipation of the cavity modes, the full master equation can be written as

put) = — ilHe pu (0] + 3 SISILIL () SuS + (N + 1)SESILILp(1)SuS) + NS STLILIp(1)SuS

j=a,b
— MS]SIL[Le)p(t)SaSy — M*S}SIL' L] p(t)SaSh,

which corresponding to Eq. (1) in the main text. The evolution of the operators is given by the following expressions:

d{as Ay + iws 0 . iAO .
{as) = _fetiw (as) — (C*e™"a sinh r, coshry — Ce ™" sinh 7y cosh ) (b1) + (¢C*e™*A% sinh r, sinh 7y,

dt 2
— ¢ coshr, coshry)(bs),
b A ] ) . )
=- s (hs) + ne~ " gsinh r, coshry, — n*e™*" sinh ry coshrg){al) + (n*e'>" sinh r, sinh ry,
d<d:> b"; s b 104 ¢ h h * 0y - h h l * 1AQ . h inh
—ncoshr, coshry)(as),
d(alas> + —i0py o —i6 trt x _i0p s i0
— = —Ag{alas) + (Ce " sinhry, coshrg — (Fe™ " sinhr, coshry){albl) + (¢*e*” sinh 1y coshr, — Ce*e

x sinh r, coshrp){asbs) — (¢ coshr, coshry, — ¢*e~ "% sinh r, sinh Tp) <alb5> + ((emg sinh 7, sinh 7,

— ¢* coshrg coshry) (agbl) + D[p2e™ 0et0a) 4 pr2ei0ct0a)] ginh r, cosh g sinh 7 cosh . + D|pg|?

.12 2 2 .12
x sinh” r, cosh 7"c—|—I‘|pa|2 cosh” r, sinh” r,

d{asbs Ao + Ay + diw, b .
<(ilt >:— + ng o (ashs) + (ne~%% sinhr, coshry, — n*e "% sinhry coshry)(alas) + (—¢*e "% sinhr,

x coshry + Ce™ %% sinh ry, cosh ra)<blb5> — (¢ coshr, coshry, — ¢*e " sinh r, sinh ) (bsbs) + (n*eme

x sinhr, sinhr, — 5 coshr, coshry){asas) + iJe "@t%) ginhr, coshry + iJe' ¥ %) sinh ry, coshry

—i(0c+0a+0p)

* % 10

r r )
+ —papre sinh r, sinh ry sinh 2r, + §,u*e_la“ sinh 7, cosh r, cosh 2r. + —p_pye’’° coshr,

2 2

I .
x cosh ry sinh 27, + §ue%9” sinh 7y, cosh r, cosh 27,

dlalbs)  Ag+ Ay

dst D (albs) + (¢*e' sinhry coshry — (et sinhry coshry ) (bsbs) + (e~

@ sinh r, coshry, —n*

x e~ sinh 1y, coshry ) (alal) + (n*e*2? sinh r, sinh 7y, — 7 coshr, coshry)(alas) + (Ce®? sinh 7,

x sinhr, — {* coshr, coshry) <blbs> + Fpapbe_i(9b+‘9€) sinh 7, cosh r, sinh 7. cosh r,. + FprZei(9a+ec)

x sinh r, cosh r sinh r. cosh r, + uFele sinh r, sinh r cosh? re + p*T cosh ry coshry, sinh? Te,

d s

% = —(Ag + 2iw,){asas) — 2(¢C* e~ sinhr, coshr, — (e sinh ry, cosh 7, ) (asbl) — 2(C cosh 7, cosh 7y
+ ¢*e A sinh 1y sinh ) (asbs ) + Tp2e™(20aH9¢) sinh? v, sinh r, cosh . + [pi2e?®s cosh? r, sinh 7,
x coshr, 4+ T|pg|?e~" sinh r, cosh 7, cosh 2,

d{bsbs . —i0 . . —ify -

<dt ) = —(Ap + 2iw,) (bsbs) 4 2(ne~ " sinh 74 cosh 1, — n*e~ % sinh r, cosh ra)(aibs> - 2(77 coshr, coshry

+ n*eZAe sinh r sinh ) {asbs) + Fpge_i(%”e <) sinh? rysinh r, coshr, + Fp O cosh? rysinhr,
x coshr, + I‘|pb|267i9b sinh r, cosh 1y, cosh 2r,

d(blb, ) . ) _

% = —Ay(blbs) + (ne~ " sinh 74 coshry, — 1" e~ % sinh 7y, cosh 74 ) (albl) — (ne? sinh 7y coshr, — n*e'e

x sinh rq cosh 1) {asbs) — (0™ coshr, coshry, — ne”*A%sinh r, sinh rp){a Tb )+ (n* "% sinh r, sinh
— ncoshr, cosh rb)<a5bT> +Tpy|? sinh? ry cosh? r. + T|py|? cosh? ry, sinh? 7, + N e 0cH00) 4 pi?

¢'0=H00)) sinh 7y, cosh r sinh 7 cosh 7, (S23)

where A; = T|p;|> + K, A0 =0, — Oy, ¢ = iJe™? Jr,ug, n=iJe % Jru*g, and p = pipp.
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FIG. S1. Energy of quantum battery versus the scaled time Jt and squeezed-cavity frequency ws. (a,b) correspond to

J/wy = 1 x 1075 for case (a) and case (c), respectively, while (c,d) correspond to J/wy, = 0.001. The parameters used are
K=8X 1075wb, €= 1074wb, r=1,and I' = 2J.

III. CONSIDERATIONS ON THE SQUEEZED-CAVITY FREQUENCY FOR BATTERY ENERGY

For the quantum battery, a resonant classical drive field is applied to the charger, supplying energy to the system,
which is described by the Hamiltonian H. = €(a + a'), where ¢ denotes the driving strength. After the squeezing
transformation, the nonlinear Hamiltonian of the charger reduces to Hf;, = wsalas, where w, denotes the squeezed-
cavity frequency, i.e., there exists a detuning between the cavity modes a5 and b. For cases (a) and (¢), we show the
energy as a function of w, in Fig. S1. For the Jaynes—Cummings model in the squeezing framework, the efficiency of
the storage energy is determined by the detuning ws and coupling strength J. In the weak coupling regime, detuning
suppresses the energy exchange between the two cavities, and the energy stored under resonance conditions is optimal,
as shown in Figs. S1(a, b).

In contrast, in the strong coupling regime, due to the dissipation of the cavity, the resonance maximizes the exchange
rate, but simultaneously enhances energy leakage through dissipative channels, thereby reducing the stored energy. In
this case, a finite detuning can establish a balance between the exchange rate and dissipation, leading to the existence
of an optimal detuning, as shown in Figs. S1(c, d). For analytical convenience of the derivations and calculations, we
set w, = 0 hereafter and in the main text.

IV. ENERGY OF THE SQUEEZING-IMPROVED NONRECIPROCAL QUANTUM BATTERY

In this section, we first solve the equations of motion above to obtain analytical expressions for the battery energy
under different cases, and then provide a detailed analysis of the underlying energy storage mechanism and the
applicability of the model. For the case (a), the stored energy is given by

4wa26—2r—(2Aa+¥)t
AEA%A%A_;_
5 A+A_62T [Aa6(2Aa+Ab)t _ AbB%A+t] + AgApAy (1 + e4r)(Aa —2J) [Aa6(2Aa+%Ab)t + Abe(Aa+%Ab)t] _9

E, = wy(bTh) = 14 e¥)(27 — Ay) [AgApAZ ePhat ™380t L A2 AZp(Mot2532)0) | 392
at*b



X 2Nt TN (8e2 L 9 g N, 4 AZ) — 262 HEAHTINZA L (82 — 27Ny + A Ay) + Se 2%)t

3 Aoy (42 Ay — 2TAgAp + A2ZAp) — 202 2 +EA+ 2R (RN L L 2 TA A, — AaAb)}, (S24)

where Ay = A, £ Ay, we have set w, = 0 and r, = r. = r for simplicity.
For case (b), the stored energy is

Juwpe~ (54 +A0)t
A2AZAZ AL

X [64T€% 4 (4T — Ao)? Ay + 2(4 — Ag)AZ + AJ] + 16e2 PRat A0t JA A TA A (A- — 47) — 82A L] — A2

x eFAFAI16 TN Ay + AZApA 4 — 8TAZA, — 64T A1) — Ay Ay [16Te3 PAat AN Ny (A — 4T) + 162

x ApAyesMat2Ao)t o3 Aat A AL (4T — AL)?] — AgApA2Z eGRat A0 (4] 4 A,)% 4 AyAy] cosh QT}. (S25)

3tAg

{128J62A+A_ [Ape+t — Aez GAatAt] L 16 TAZA o3t (Rat2M0) (42 | JA,) + A2A e 2

And for case (c), the energy is
e*Aht

————<A

2A2AZAZ A { +l(

— A Ae 2] 4 A A [(eM — 1TALAZ AL + 85 (A Ay — AZeMt — 4N, Ape 220 4 ApA e 2F)

— 16J2(6_%A_t —1)2A ApAy + 4J2F(A2_6Abt + 4AaAbe_%A—t — A% - AbA_,_e_A—t)] cosh 2r + 4J%A,

x Ap(2J — T)(AZ €Mt + 4N Ape 30 — AgAy — AyAe %) cosh 6r}. (S26)

LA

E, = 1— eMTAZAZ Ay + 1672 (e 200 — 1)2A2A2 + 1282 Mete2 (Agertat — Ayez

A. Analysis of energy storage mechanisms

Dissipation drives the system to a steady state; the corresponding stored energy is given by Eq. (5) in the main
text. Here, we present a detailed analysis of how squeezing the charger and the reservoir affects the battery energy.
For the case of only squeezing the charger, the master equation of the system can be expanded as

pa(t) = = ilHo, pu()] + Y SILILj1p(H)Sa + SIL[Lep(1)Sa
j=a,b
= —i[Hs, ps(t Z L[L )+ Tlasps(t)al — 1/2{alas, ps(t)}] + T[bps ()b — 1/2{b'b, ps(t)}]
+ Fpapr(b GS)pS( ) + I'papyD(as, b)ps(t)
= —i[Hg, ps(t Z L[L}]ps(t) + Tpapy D(b, as)ps(t) + TpipyD(as, b)ps(t), (527)

where D(A, B) describes the cooperative dissipative coupling between the charger and battery, whose interplay with
the coherent coupling gives rise to nonreciprocity. In addition, Lés(b) = /Kap) + Las(b) indicates that the common
reservoir also enhances the local dissipation rates. There exists an optimal J,,,, that maximizes the steady-state energy.

We note that squeezing the reservoir gives rise to a qualitatively different behavior. Here we provide a detailed
analysis where only the common reservoir is squeezed. The pair correlations in the squeezed vacuum reservoir increase
exponentially with the squeezing parameter, allowing the system to exchange excitations in correlated pairs, which
does not modify the first-order dynamics, but instead reshapes the higher-order dynamics of the system.

Indeed, from the equations of motion derived in Eq. (S23), setting r, = r, = 0 yields the following expressions for
the second-order moments:

d(zz;cw = —Ag{afa) — C(a'b) — ¢*(ab!) + ie(a) — ie(al) + I|pa|? sinh? 7.,

d<aTb> _ 7Aa + Ab

(a™) — n(a’a) — ¢*(bTb) + ie(b) + p*T'sinh?r..,

dt 2
T
% = —Ay(b'b) — n*(a'b) — n{ab’) + T|ps|* sinh® r... (S28)

Squeezing the common reservoir introduces a constant gain term (T'|py|? sinh®7.) in the equation for (bb), which
originates from the effective occupied number N = = sinh? 7. of the squeezed reservoir. Since this constant contribution
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exists independently of the buildup of coherence and correlations, it enhances the effective energy transfer rate into
the battery, thereby significantly increasing the stored energy and enabling faster charging. But for the squeezing of
the charger, the gain term affects the battery energy only indirectly through the coherent coupling between operators;
the battery acquires energy only after the relevant coherence and correlations are established. Moreover, the squeezed
reservoir not only increases system energy but also provides ordered quantum coherent resources. In particular,
the anomalous correlation M introduces phase-sensitive quantum coherence that cannot be generated by a thermal
reservoir. These coherence modify the system dynamics and enhance the extractable work within the system.

For cases (b) and (c¢), a threshold squeezing strength r, emerges, above which the steady-state energy increases
monotonically with the coupling strength J. This behavior originates from the fact that the dissipative channels
inject energy into the system. As the squeezing strength increases, these contributions become dominant, masking
the competition between coherent coupling and dissipative coupling. For all cases (a, b, ¢), the derivative of the energy
takes the form

OB  16J[8¢2(—2J + k) + k(—J + K)(2J + k) sinh” 7]

oJ (2J + K)® ’

OB _ 128J€*(=2J + k) + 26(2J + k) (12J2 — 4Tk + K) sinh® r
a7 (2 + K)? ’

OB _ 2[64J¢*(~2J + k) + 5(2J + 5)* sinh® 1] (S29)
oJ (2J + k)5 '

As shown in Fig. S2, it remains zero over the entire parameter range when 7>y, indicating a strictly monotonic
dependence of the steady-state energy on J.

Furthermore, the enhancement of nonreciprocal coupling represents only one aspect of the squeezing-induced effects.
In the squeezed framework, additional counter-rotating contributions naturally arise and and the classical driving
field is amplified to €[(coshr, — e*s sinhr,)as + (coshr, — e~ % sinhr,)al]. Figure S3 shows that, in both the strong-
and weak-coupling regimes, the stored energy increases monotonically with the squeezing strength r, reflecting the
cooperative enhancement of effective energy-injection channels induced by squeezing.



B. Limitations of energy storage

According to Eq. (5) in the main text, the steady-state energies can be expressed as
E® = Agsinh?r + B, (i=a,b,or c),
with

8J%K _ 2J(4J% + K?) 2J

Aaziv - ) c = .
2J+r)3 T (204 k) 2] + 1

For the coherent coupling strength J, the energy stored in the battery exhibits an optimum coupling strength J,;, at
which the stored energy reaches a maximum [see the white dashed lines in Fig. 3(a-c) of the main text]. This can be
understood from the competition between coherent energy exchange and dissipation, leading to an effective matching
condition. In contrast, for the squeezing parameter, the derivative of the stored energy with respect to r is

OE:
or

= A;sinh(2r) > 0,

which is always positive. The correlation coefficients of the squeezing vacuum reservoir are related to IV and M,
both of which increase monotonically and are unbounded with respect to the squeezing parameter. As a result, the
squeezing-induced contributions in the master equation grow with r, and the corresponding stored energy does not
exhibit saturation.

These conclusions are derived under the assumption of a broadband squeezed reservoir, where the reservoir corre-
lation time is much shorter than all relevant system timescales. However, in realistic physics platforms, the stored
energy may be limited by imperfections of the squeezing source and of the propagation/coupling channels, including
finite pump power and pump depletion, optical or microwave losses, phase noise, excess thermal noise or heating, and
the finite bandwidth of the engineered reservoir. In particular, loss and phase noise degrade the observable squeez-
ing, while pump depletion causes the pump field to evolve dynamically, thereby modifying the reservoir correlations.
Moreover, when the squeezing bandwidth is no longer sufficiently large compared with the relevant spectral scales
of the system, reservoir temporal correlations cannot be neglected, and the broadband Markovian description no
longer holds. In this regime, a more complicated model incorporating finite bandwidth and pump dynamics would
be required. Alternatively, these effects can be mitigated via appropriate engineering techniques, allowing the sys-
tem to still be described well within a Markovian framework. Exploring these directions remains worthy for future
exploration.

V. ANALYTICAL CALCULATION FOR THE ERGOTROPY OF THE QUANTUM BATTERY

Apart from the energy storage performance, the extractable energy (ergotropy) is also an important criterion for
evaluating batteries, defined as 5 = E — E5 = Tr[py(t) Hy) — Tr[py(t) Hy). Here, E5* denotes the stored energy of
the battery, p, is the passive state, from which no work can be extracted via unitary cyclic processes. Explicitly, if
Po =2 Tn|Tn) (s, with 7y > 19 > -+ and Hy = ), €,en)(€n] with €1 < e < ---, then pp = >, 7nl€n)(€n]. Our
numerical results are obtained by solving the master equation and substituting the resulting density matrix into the

above expression. For the solution of analytical expression, the corresponding passive energy E7° can be expressed
as [S7, S§]

\/7i_1)

E‘isszwb( 9

(S30)

with

2

T = (1+20'0) — 206" (5))” — 4| (40) — ().

By solving the equation of motion for the operators, the ergotropy for the battery can also be obtained; the corre-
sponding J is
256 sinh” r
A
1
+8(1+ i) sinhr} + 5 [~ 8724+ A% 4 87%(A cosh 2r — 4 sinh” 1)),

Ta {[8(1 —i)€” + (2J — A)A] coshr — 8(1 — 7)€ sinhr}{ [—8(1+i)e* — (2J — A)A] coshr
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0 0.5 1 1.5

FIG. S4. Energy Efs of the passive state as the function of the coupling strength J (a) and squeezing parameter r (b) in the
steady state. The parameters used are k = 8 x 10 5wy, € = 10 4wy, r = 1.5, J/wy = 0.001, and I" = 2.J.

1 2
T :F{AQ [(2J — A)(8J% + A?) — 2J(8J% — 4JA + A?*) cosh 2r] " — J?[64.J€*(1 — coshr) + (2A® + 16J°A
— 8JA?)sinh 2r] 2},
1
T :F{ALJA‘*(A —2J) cosh2r — (8J% — 4JA + A?)[ — 32J% +16J°A — A* + 16J°(2J — A) cosh 4r] } (S31)

where we have set A, = A, = A for simplicity. Substituting it into Eq. (S30), it is easy to obtain the analytical
solution of £° for different cases.

The energy of the passive state is illustrated in Fig. S4. At the optimal coupling strength J, the corresponding Efs
also attains its maximal value. Moreover, Efﬁ increases monotonically with the squeezing parameter r. This result
indicates that the increase in steady-state energy does not necessarily lead to an increase in ergotropy. Squeezing of
the reservoir can stably maintain coherence in the steady state, maximizing the ergotropy of the battery; while the
additional battery squeezing increases energy, it mainly introduces a passive state, which has a limited contribution
to coherence or even partially counteracts it, thus the ergotropy in case (¢) decreases and even becomes lower than
case (b) with the increase of r.

It is worth noting that small deviations between the analytical and numerical results in the main text arise from
the different approximations employed in the two approaches. In the numerical simulations, a finite-dimensional
truncation of the Hilbert space is introduced, while the analytical treatment is obtained within a second-order mean-
field approximation.

VI. SCATTERING COEFFICIENT MATRIX OF THE OPTICAL ISOLATOR

When both cavity modes are squeezed, the corresponding quantum Langevin equations (QLEs) can be found in
Eq. (6) in the main text. To analyze the transmission properties, we linearize the QLEs as dV/dt = — MV +DV;,, where
V = (as, bs, al,bl)T is the vector of system operators, Vi, = (al®, b™, a1, 6"1)7 and D = diag(\/kq; /Kb, VEas/Fb)-
The coefficient matrix M can be written as

_ A,l+2iws 0 0 0
M= 2.J (e*2? sinh 14 sinh 7, — cosh 1, cosh ) —% 2J (e~ sinhr, coshr, — e~% cosh r, sinh 1) 0
B 0 0 — Doty 0
i0 i0 iAG 2 jwa—A
2J(e"= sinh r, coshr, — €'’ cosh r, sinh ) 0 2J (e *2Y sinh r, sinh r, — cosh r, coshry) e Sb

Transforming to the frequency domain yields
V(w) = (M —iwl) ' DV, (w). (S32)

Using the input-output relation vou, + vin = /Yov [S9], the output field is Voue(w) = U(w)Vin(w), where

Vout — (aout(w)’ bout(w)’ aoutf(w)’ boutf(w))T’ (833)
and

U(w) = D(M —iwl)™*D 1, (S34)
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which can be expressed as

A, +Z%SZJ+ o) 0 0 0
8J+/Kakyp(coshr, cosh rp— e'2% sinh r, sinh ) —2kp &R/m(e*ieb cosh r, sinh r, —e ~*%a sinh r, cosh ) 0
[Aa+iRw+ws)][Ap+i(2wtws)] Ap+i(2w+ws) (iAq —2w+wg)g—i1\b+2w+ws)
) 0 ) 0 Ag+i(2w—wy) 0
8J\/m(e“9b cosh r, sinh 7, —e*?a sinh r, cosh ) 0 8J/Kaky(coshr, coshry—e ~49 ginh r, sinh ) — 2Ky
(tAp—2w~Hws) (—tAq+2w+ws) [Aa+i(2w—ws)][Ap+i(2w—ws)) Ab+i(2w7wz) )
S35
Substituting

ag" (W) = Uni(w)ay (W) + Ura(w)b™ (W) + Urz(w)ay™ (w) + Ura(w)b™ (w),

b (W) = Usp (w)al(w) + Usa(w)b™ (w) + Uz (w)a™ (w) + Usa (w)b™ (w), (S36)
and their Hermitian conjugate into the definition of the output field spectrum, s3**(w) = [ dw’(7°"*(w)7°" (w)) [S10],
we can obtain

s (w) = [ S U306 (T ) i)
7,k=1

s5(w) = [ S U3 Uty Vi) (537)
J,k=1

The subscript of U(w) indicates its matrix element. Utilizing the correlation of the input field (v (w)v'(w)) =

s (w)é(w — w'), we can obtain

so™(w) = (U > + |[Uss|?) st (w) + (|Ur2]? + [Ural?) s3 (w) + [Us|* + |Una]?,

sy (W) = (|Ua1]? + [Uzs|?) s (w) + (|Ua2|? + [Uza|?) s (w) + [Uzs|® + |Usal®. (S38)

Furthermore, the spectrum of the output field can be expressed as
SOUt (OJ) = T(W)Sin(w) + Svac(w)7 (839)

with Sin(w) = (s2(@), (@), Sout (W) = (53 (@), 55°(@)) ", Svac(w) = (s3°°(w), 53%(w)) ", and
|Un %+ |Uis]? |Uia]? + |Ura)?

T = 4

) (|U21|2+|U23|2 |Uaz|? + |Uayl? (S40)

sy2¢ is the output spectrum contributing from the input vacuum field, which is given by s¥*¢ = |Us3|? + |U14]? and

sy = |Uas|? + |U24]?. With Eq. (S35), the transmission coefficient of the signal from mode b to mode a vanishes,
Tab = 0, whereas the transmission coefficient from mode a to mode b is

64J% Kk, Ky
A2 + (2w + wy)?

2+ cosh[2(ra - rb)] + cosh[2(ra + rb)] — 2 cos Af sinh 2r, sinh 27,
A[A2 4 (2w + wy)?]

Tba =

sinh? 7, cosh? r, + cosh® r, sinh® ry, — % cos Af sinh 27, sinh 21“5] (S41)

A2 + (2w + w;)?
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