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Bosonic codes, leveraging infinite-dimensional Hilbert spaces for redundancy, offer great potential for
encoding quantum information. However, a practical continuous-variable bosonic code that can simulta-
neously correct both photon loss and dephasing errors, while achieving a high level of compliance with the
Knill-Laflamme conditions within an experimentally friendly structure, remains elusive. Here, we propose
a code based on the superposition of squeezed Fock states with an error-correcting capability that scales as
« exp(—7r), where r is the squeezing level. The codewords remain orthogonal at all squeezing levels. In
particular, this code achieves high-precision error correction for both single-photon loss and dephasing,
even at moderate squeezing levels. Building on this code, we develop quantum error correction schemes
that exceed the breakeven point, supported by analytical derivations of all necessary quantum gates. Our
code offers a competitive alternative to previous encodings for quantum computation using continuous

bosonic qubits.
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Introduction—Quantum states are fragile due to their high
susceptibility to environmental noise, which poses a sig-
nificant challenge to realizing quantum computation [1-7].
Quantum error correction (QEC), which restores quantum
information degraded by noise channels through syndrome
measurements or reservoir engineering, is therefore essen-
tial for fault-tolerant quantum computing [8—15]. This
process requires encoding a single logical qubit redundantly
in large Hilbert spaces, typically by employing a block of
multiple physical qubits or a single higher-dimensional
bosonic mode [16-21]. In particular, bosonic codes enable
QEC at the level of a single bosonic mode with a
well-defined set of dominant error channels [22-28].
While logical error rates cannot be arbitrarily suppressed
in these architectures, concatenating bosonic codes with
other error-correcting codes, such as the surface code,
provides a promising route toward comprehensive error
suppression and large-scale fault-tolerant quantum compu-
tation [29-31].

Bosonic codes hold promise for quantum information
processing and thus have garnered considerable attention
[32-35]. In many physical implementations of bosonic
modes, single-photon loss and dephasing constitute the
dominant noise channels, and bosonic codes are often
designed to mitigate these errors [36-38]. The more the
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codewords are distributed across the Fock space (i.e.,
demanding increased coherence), the more dephasing
becomes a significant noise source [39—41]. Various bosonic
codes are designed to correct different types of errors
and can be broadly classified into continuous and discrete
codes. As in previous works [24,42], discrete bosonic codes
encode logical states in superpositions over a finite
set of Fock states, whereas continuous codes, such as cat
and Gottesman-Kitaev-Preskill (GKP) codes [22,23,26],
are supported on an unbounded set of Fock states.

Being a superposition of a finite number of Fock states,
discrete bosonic codes exhibit a simple structure especially
if they are tailored to correct a small number of errors.
Nevertheless, this apparent simplicity does not translate
into trivial schemes to prepare and control these states, as
addressing a few Fock states requires a fine-tuned control
of the quantum system. Moreover, continuous bosonic
codes, such as the squeezed cat or the GKP code, might
offer certain advantages for state preparation or control
owing to their structure, which relies on displacement and
squeezing operations that can be readily implemented in
various quantum platforms, such as superconducting cir-
cuits, optical systems, and trapped ions [43—45]. Notably,
this class of codes typically relies on codewords that are
strictly not orthogonal, and therefore one needs to choose
parameter regimes in which orthogonality is approximately
satisfied. Despite some potential advantages in their struc-
ture as compared to their discrete counterparts, existing
continuous bosonic codes are typically not tailored to
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simultaneously address single-photon loss and dephasing
[33,34,40]. For example, squeezed cat codes are limited to
correcting either single-photon loss or dephasing errors
independently, while squeezed Fock codewords are inher-
ently nonorthogonal and thus exhibit diminished perfor-
mance, particularly at low squeezing levels [46-51].
Developing strictly orthogonal bosonic codes, capable of
simultaneously correcting both photon loss and dephasing
at experimentally feasible squeezing levels, is therefore
essential for scalable bosonic quantum computing.

In this Letter, we combine the advantages of continuous
and discrete bosonic codes to construct a strictly orthogonal
code that achieves high-precision correction of both single-
photon loss and dephasing noise. The proposed codewords
are composed of tailored superpositions of squeezed Fock
states, where the specific choice of superposition by
construction ensures exact orthogonality of the code-
words—at any squeezing level r. Meanwhile, the squeez-
ing operation distributes the codewords continuously over
the infinite-dimensional Fock space. Our analytical results
demonstrate an exponential suppression of the infidelity
scaling as exp(—7r) for combined photon loss and dephas-
ing errors, outperforming all existing continuous bosonic
codes. Therefore, the proposed code enables high-precision
correction of both single-photon loss and dephasing errors
at moderate squeezing levels. In addition, it facilitates
straightforward implementation of logical qubit gates with
experimentally accessible operations. Specifically, the code
supports a simple, error-transparent logical Pauli-X gate
that remains effective even within the error space. This
property constitutes one of the main advantages of our
code. Moreover, we analytically design effective quantum
gates to implement both autonomous and parity-measure-
ment-based quantum error correction protocols.

Codewords—We propose a novel continuous bosonic
code that synthesizes discrete and continuous character-
istics, specifically designed to correct single-photon loss
and dephasing error channels in combination. The logical
codewords are defined as

02) = S(r)(aln +2) = pln)).
1) = S(=r)(aln +2) + fln)) (1)

where a (|| + |a]* = 1) is determined by enforcing the
orthogonality condition (0 |1;) =0, S(r) denotes the
squeezing operator with squeezing amplitude r, and |n)
are the Fock states (n will be specified below).

To evaluate the QEC capability against single-photon
loss and dephasing, we examine the Knill-Laflamme (KL)
criterion for the error operator set E = {7 ,a,n,n?}
[46,49,50], where a and 7 are the annihilation and
number operator, respectively. The KL criterion reads
(up|E[Ejlv,) = C;j6,, [52], where the Cj; form a
Hermitian matrix, Ei,ﬁ] jeE denote error operators, and

lup), |vp) €{|0.),|1.)} represent the codewords. Exact
satisfaction of the KL condition is a prerequisite for
complete error correction, and the degree of approximate
fulfillment determines the maximal achievable fidelity
[53-56]. We quantify the deviation from the KL condition
using the indicator

Kew = > IMY = MUP+ SR ()
ij

where MY} = (g |E]E;|vp). A smaller value of K., implies
a closer approximation to the ideal KL condition and hence
stronger error-correcting performance.

The condition M{) = M}} is satisfied for the code in
Eq. (1), and hence the first term in Eq. (2) vanishes
identically. This indicates that the error process does not
distinguish between logical basis states—a distinct advan-
tage over the squeezed cat code. Consequently, only the
off-diagonal terms quantifying the coherence between
logical states affected by errors contribute to the deviation
from the KL condition. Although some off-diagonal terms
M?jl are nonzero, they remain exponentially small, scaling

as ~e~"" for odd n and ~e>" for even n. This difference
arises from the distinct probability amplitude distributions
of squeezed even and odd Fock states in Fock space. Since
increasing n does not improve the scaling behavior but
increases the average excitation number—which is approx-
imately proportional to the error occurrence probability—
we select n = 1 as the optimal choice and focus on it
hereafter.

We simulate K., in Fig. 1(a) for different values of n,
confirming that n = 1 is the optimal choice and that the
QEC performance improves with increasing squeezing.
The nonzero terms responsible for the deviation from the
KL condition can be approximately expanded in exponen-
tials of the squeezing amplitude r,

(1,|770,) = S;e™ "+ O(e™®), i=1,2,3,4 (3)
with S;€S={46.41/3,3.2/2(5F v/6),24v/2 F 36.8V/3,
8v2(3145v/6)}, where + correspond to different solu-
tions of a. The solutions for the coefficient a are not
unique; however, this ambiguity does not affect the
exponential scaling. Note that all other terms of the KL
conditions are strictly satisfied. As we will detail next, the
scaling of the off-diagonal terms in K, achieved by our
proposed code represents a significant improvement over
previous continuous bosonic codes.

The value of K., reaches the order of 1072 at r ~ 0.921
(approximately 8 dB), a squeezing level readily achievable
in current experiments [47]. For the error set E, this
corresponds to a reduction in deviation by more than three
and rwo orders of magnitude compared to the squeezed cat
and squeezed Fock codes, respectively. This performance
gap stems from the substantial overlap of squeezed cat
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FIG. 1.

(a) Deviation from the KL condition versus the squeezing amplitude r for different values of n. An exponential decay is

A

observed, with n = 1 exhibiting the best performance at large r. (b) Errors from the set [1, &, 1, 7%] acting on the logical subspace define
the corresponding error spaces. The code and error spaces approximately satisfy the KL condition K., enabling recovery via QEC.
(c) Wigner functions of the codewords (related by a z/2 rotation) and associated error states (also related by a z/2 rotation) at 8 dB
squeezing (r ~ 0.921). As the 7 and 7#? operators do not affect the parity of the codewords (as compared to &), the resulting error states
have nonzero overlap with the codewords and with each other. This, in turn, is the reason for the nonvanishing deviation of the KL

condition [cf. Eq. (3)].

codewords under the combined action of a and #™.
Consequently, the code performs significantly worse for error
sets that simultaneously include both operators, such as E,
even though subsets like {1, a} or {I, 2, 4%} remain approx-
imately correctable. Similarly, the squeezed Fock code suffers

from inherent nonorthogonality and off-diagonal terms M ?jl

that decay no faster than ~e~%", resulting in markedly inferior

error suppression relative to our code.

Short-time quantum dynamics gives rise to three dis-
tinct error subspaces, whose relation to the code
space is depicted in Fig. 1(b). The corresponding
Wigner functions of the codewords related by a z/2
rotation and their error-transformed states, are shown in
Fig. 1(c). Consequently, the logical Pauli X operator is
given by X; = exp[—i(z/2)#], which remains effective
within the error spaces; hence, it is an error-transparent
gate. Furthermore, the Pauli-Z operator can be imple-
mented as Z; = exp[—iH_(a,a")), where H. is expressed
as a power-series expansion in the operators & and a' [46].
Finally, the algebraic properties of the Pauli operators and
the structure of the codewords allow for a simplified
preparation scheme—once one codeword is prepared, the
other can be obtained through a rotational operation.

Error correction schemes—The strong alignment of the
code with the KL conditions, together with the odd parity
structure of the code space, enables the systematic design of
QEC schemes by using an ancilla three-level system, as
shown in Fig. 2(a), including both stroboscopic autono-
mous and parity-measurement-based approaches. Note that
stroboscopic autonomous QEC proceeds via deterministi-
cally triggered recovery operations, unlike continuous
autonomous QEC based on engineered dissipation. The
encoded bosonic mode first undergoes a noise channel £(-),
followed by a recovery operation R(-). For a short
evolution time z, the combined effect of single-photon

loss and dephasing is described by a Kraus expansion,
EPpl~> 3, Aiﬁﬁj, where the Kraus operators are given by
Ay ~I—(kt/2)i = (kyt/2)i% Ay ~ | fRgTh, and Ay & \/xTa
[46]. Here, x and «; are the single-photon loss and
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FIG. 2. (a) The encoded bosonic mode resides in an infinite-
dimensional Hilbert space, while the auxiliary system is a
discrete-level system, such as a qutrit. (b) The bosonic mode
is initialized in an encoded state |y ), and the auxiliary system in
its ground state |g). Noise operators F;, derived from the error set
E, map the code space into approximately orthogonal error
subspaces. Control operations U ; conditionally restore the
encoded state while exciting the auxiliary system. A reset
operation R returns the auxiliary system to |g), completing a
QEC cycle. (c) After the error channel £(-), two alternative
recovery schemes R (-) are considered. The stroboscopic autono-
mous QEC completes the recovery without measurements, while
the measurement-based protocol uses a parity measurement to
identify the error: even parity invokes U, [Eq. (S23)] for direct
recovery, odd parity triggers a two-step correction via U/, and U,.
Iterating these cycles enables long-term protection of encoded
quantum information.
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dephasing rates, respectively. To construct the QEC chan-
nel, we diagonalize the symmetric matrix J = VAV', with
elements J;; = (u;|A{A}|u;). The noise channel can be

recast as E[p] ~ Y, F;pF], where the transformed Kraus
operators are [53]

3
ﬁizzvkiﬁk, l: 1,2,3. (4)
k=1

These operators satisfy PLF';FjIA’L o~ Aij6ijPL, where f’L
denotes the projector onto the code space. This ensures that
the F; operators map the code space onto orthogonal error
subspaces, enabling efficient recovery.

As shown in Figs. 2(a) and 2(b), we couple the encoded
bosonic mode to an ancillary qutrit initialized in its ground
state |g) to identify and correct the errors F;, resulting in the
initial joint state |y, g). A sequence of unitary operations
f]i [i=1,2,3in Eq. (6) and i = a in Eq. (S23)] is then
applied to coherently restore the system to the code space.
Since only a flips the parity of the encoded state, the
respective error syndrome can be extracted via a parity
measurement: based on the measurement outcome, we
apply f]a for the parity-flip case or the common recovery
U,U, otherwise, followed by the Hermitian operation R
that coherently returns the qutrit to the ground state |g)
without inducing excitations, as shown in Fig. 2(c). While
conceptually similar to the autonomous scheme, the meas-
urement-based approach requires active readout and feed-
forward, introducing additional overhead in experimental
implementations. We therefore focus on the stroboscopic
autonomous scheme in the main text, with the measure-
ment-based protocol detailed in [46].

The recovery unitary operations /; correct errors asso-
ciated with the operators F; while acting as the identity
operator in the other orthogonal error subspaces. As a
result, they do not interfere with errors arising from other
Kraus operators. Following the recovery process, the
encoded state |y ) is approximately restored, while the
ancilla qutrit transitions to different states depending on the
specific error that occurred [46]. Finally, the ancilla qutrit is
rapidly reset to its ground state via a strongly dissipative
interaction R with a reservoir, completing the QEC cycle
without measurement and thereby enabling autonomous
QEC. The entire QEC cycle can be described by the
following equation

R, o&pr] = R[UEPL] @ |9)(g|UT] ~pr @ lg){gl.  (5)

where R, is the autonomous QEC channel, U = U,U,U,,
Py is the encoded state p; = |w; ) {w; |, and R stands for the
reset of the ancilla qutrit to its ground state.

Here, we present an analytical approach for the above
recovery unitary operations by incorporating an ancilla

qutrit system, with the detailed expressions given by

Uy = Lile)gl + Lilg)(e| + U, .
Uy = Lo\ 1) (gl + L31g) (f] + Us e

A S

Uy = (Ly+Li+T1-P, - Pr)lg) (gl + Uspe. (6)

where |e), |f) are two excited states used to discriminate
between different types of errors, the operator L; =
10.)(OF,| 4+ [1.)(1F,| is designed to recover information
from the error space into the code space
(|up,) = Fi|uL)/|\Fi|uL>||), fDF! is the projector operator
of the i th error space, and U i re SUpplements U, to ensure it
forms a unitary operator and leaves the recovered infor-
mation unaffected (U i re 18 provided in [46]). These unitary
operations correct the corresponding errors without affect-
ing other parts of the error space or states corrected after
other errors occur. The availability of analytic expressions
for the recovery unitaries (6) allows for their efficient
implementation using well-established quantum control
techniques, such as gradient ascent pulse engineering
and machine-learning-based  optimization [57-63].
Alternatively, we could use two-qubit or multilevel ancilla
systems to design these unitary operations with the con-
struction methodology similar to that of the qutrit ancilla
system [46]. In principle, arbitrary unitary operations on the
system can be achieved through optimal control techniques.
As an example, we consider a superconducting cavity
coupled to a transmon, where the composite gate U is
realized by controlling the quadratures X and p of the
bosonic mode, achieving a fidelity exceeding 0.99 [46].
The control fields can be flexibly adjusted to enhance the
performance further, but such refinements are beyond the
scope of this work.

Figure 3 shows the average infidelity versus the squeez-
ing amplitude r and the dimensionless time scale xz, where
7 is the idle time and the fidelity is averaged over the six
Pauli eigenstates [64]. For r 2 0.8 (corresponding to
26.95 dB of squeezing), the autonomous QEC protocol
can yield a gain (1 — Fye)/(1 — Fayo) > 100 for x/k, =
5.5 and «/k;~2.5, as shown in Figs. 3(a) and 3(b)
(respectively). Here, Fy. denotes the channel fidelity of
a qubit encoded in the bare Fock states |0) and |1) without
QEC, while F,,, corresponds to the autonomous QEC
channel fidelity under the assumption of instantaneous
recovery operations U ; (6). Our results show that moderate
squeezing is required for a gain > 1, as the KL enhance-
ment must outweigh the increased average photon number
of the codewords. Notably, for amplitude r slightly above
0.8, the gain exceeds 1 for arbitrarily small «z,
as the KL contribution dominates over the excitations.
Importantly, we simulate the full noise channel correspond-
ing to photon-loss and dephasing noise. Only in the small
time limit (x7, KyT <K 1), this channel can be approximated
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FIG. 3. Panels (a) and (b) show the channel infidelity per QEC

cycle versus the dimensionless time scale k7 and squeezing
amplitude r for photon-loss—to—dephasing rate ratios x/k; ~ 5.5
and 2.5, respectively. Panels (c) and (d) show the channel
infidelity versus the single-photon loss and dephasing rates for
r =0.9 and r = 1.0. (e) Effective decay rate I’y of the channel
fidelity versus the idling time k7 for different gate-time scales
KqeTy at = 0.9. All results are obtained by simulating the full
master equation.

by the error set E = {7 ,a,n,7*}. Beyond this limit, the
channel can induce cumulative error processes that are not
accounted for by our code. Within the explored parameter
regime, the optimal performance occurs around r = 0.9,
which remains effective over a broad range of x/x, and
outperforms stronger squeezing (r = 1), as shown in
Figs. 3(c) and 3(d). Using a near-optimal recovery channel,
such as the Petz recovery map [65,66], efficient error
correction persists down to r = 0.6, with a gain exceeding
10 at r = 0.6 and k7 = k7 ~ 0.01 [46]. At the correspond-
ing squeezing levels and time scales, the resulting infidelity
is lower than that of both the squeezed cat code and the
GKP code [39,40,64].

Finally, we assess ancilla errors on the channel fidelity by
implementing the operations {/; using gates of finite
duration. We further analyze the effect of ancilla decay «,.
by extracting the effective decay rate of the channel fidelity,
Cep & —In[Fu0(7a)]/7a, as shown in Fig. 3(e), where
7y = T+ 7, is the duration of a single QEC cycle. Here,

we model the ancilla as adecaying mode band incorporate the
unitary process U;U,U, = exp(—H effTy) into the system
dynamics with the effective Hamiltonian H. For a fixed

squeezing amplitude r, shorter gate times 7, result in

improved QEC performance. Moreover, ancilla dissipation
leads to the emergence of an optimal idle time. For » = 0.9,
the optimal idle time is on the order of 1073, consistent with
the experimentally optimal time for implementing GKP
encoding (k7 = 0.00074), and the corresponding gate times
fall within experimentally achievable regimes [67]. For these
optimal idle-time scales, the gain exceeds 5, comparable to the
case where the noise of the ancillary qubit is neglected.
Requiring significantly less squeezing while supporting
realistic idling times 7, our code achieves high QEC perfor-
mance and is compatible with a wide range of experimental
platforms, including trapped ions, optical systems, and 3D
superconducting microwave cavities [67-76].

We emphasize that binomial codes can be designed to
satisfy the KL conditions for the same error set as our
proposed code. The result is a high-order code involving
superpositions up to Fock state [10). Whereas these codes
offer an error correction performance comparable to ours,
they are experimentally challenging due to their reliance on
multiple high-Fock components [24]. So far, experiments
have only realized the lowest-order binomial code with
superpositions up to Fock state |4), which are limited to
correcting single-photon loss [77]. In contrast, encodings
within low-Fock subspaces such as Fock states |1) and |3) are
well established experimentally [78—80]. Our code builds on
this subspace, requiring only an additional squeezing oper-
ation for codeword preparation. This results in a preparation
process that is experimentally more accessible—even simpler
than that of the lowest-order binomial codes—while offering
enhanced error correction. Consequently, our code combines
improved performance with high experimental feasibility.

Conclusion—We introduced a squeezed bosonic code
that robustly corrects for both single-photon loss and
dephasing in continuous-variable quantum systems under
experimentally feasible conditions. Exploiting the infinite-
dimensional Hilbert space of bosonic modes, our code
features error-correcting capabilities that scale exponen-
tially with the squeezing amplitude [ exp(—7r)] while
maintaining orthogonal codewords at all squeezing levels.
As a result, the QEC performance improves exponentially
with the squeezing for the error set E, enabling high QEC
efficiency at relatively low squeezing. Moreover, the code
applies equally when & is replaced by &', which satisfies the
same error-correction conditions. Building on this frame-
work, we developed measurement-based and autonomous
QEC protocols and provided an analytical description of
the required recovery operations. Our analysis establishes
that these QEC schemes can be implemented in a bosonic
mode coupled to a qutrit. In conclusion, this new code
represents a substantial advancement over previous con-
tinuous-variable bosonic qubit encodings for quantum
computation.
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