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S1. PERFORMANCE METRICS AND ROBUSTNESS
A. Maximum ergotropy and maximum power in three configurations

From Fig. S1, we can find that the charging properties of the separated configuration and the nested configuration
exhibit similar shapes. The charging characteristics of both configurations vary with the phase shift, exhibiting a
period of 2. The braided configurations are different in that their charging characteristics vary with phase shift over
a period of m. When the phase shift 6 is between 0 and 7/3 or between 57/3 and 27, the nested configuration exhibits
superior charging characteristics. This is because, during these phase intervals, both the individual dissipation rate and
collective dissipation rate of the nested configuration are lower than those of the other two configurations. However,
during other phase intervals, the charging characteristics of the braided configuration are better than the separated
configuration and the nested configuration. We also observe that the maximum energy of the braided configuration is
wo when 8 = /2, which makes wireless charging over long distances possible. The batteries composed of the separated
configurations and the nested configuration are not suitable for energy storage and long-distance transmission because
of the aging problem. However, since separated giant-atoms (GAs) and nested GAs can decouple from the waveguide
at a phase of 7, this property might be useful as an energy terminator, i.e., to block the transmission of energy
between two GAs.
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FIG. S1. (a) Maximum ergotropy Emax and (b) maximum power Pmax as functions of 6 for the braided, separated, and nested
configuration.
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FIG. S2. Effect of phase deviation on (a) the exchange interaction, individual dissipation rate, and collective dissipation rate;
(b) the maximum ergotropy; and (c) the maximum power. (d) The charging process of the braided GAs under various phase
deviations.

B. Robustness to phase deviations

In the braided configuration, realizing a decoherence-free interaction requires satisfying the phase condition, namely
0=(Mn+1/2)7 (n=1,2,3,...). To better bridge the gap between theory and experiment, we discuss the charging
performance of the braided-GA quantum battery (QB) when phase deviations are present. We define the phase
deviation rate as 60 = (0 — w/2)/(w/2). In Fig. S2(a), we plot the variation of the exchange coupling strength gup,
individual dissipation rates I'y(p), and collective dissipation rate I'con as a function of the phase deviation rate within
the range of 0.1. It can be observed that when the phase deviation rate is less than 0.1, the collective dissipation rate is
nearly zero, the individual dissipation rate is less than 0.01wg, and the exchange interaction is almost stable at 0.1wy.
This indicates that the deviation from the phase mismatching has a greater impact on the individual dissipation rate.
In Figs. S2(b) and (c), we plot the variation of the battery maximum ergotropy and maximum charging power with
respect to the phase deviation. When the phase deviation rate is less than 0.1, the maximum ergotropy is greater
than 0.86wp, and the maximum charging power is above 0.0675wg. The battery charging curves under various phase
deviations are presented in Fig. S2(d). It can be seen that when the deviation rate is less than 0.01, the braided-GA
QB can still perform nearly lossless energy exchange.

S2. GAS QB CHARGED BY CAVITY
A. Two braided GAs

We treat the two braided GA as battery medium and additionally introduce a microwave cavity as a charger. The
microwave cavity interacts with only one GA, thereby preventing any contamination of the charging efficiency from
interatomic interactions. For simplicity, we first neglect the dissipation of the single-mode cavity field and leave the
two braided GAs in the sweet spot (i.e. # = 7/2). The Hamiltonian of this QB model can be written as

Hy;=Hp+ He + Hj, (S1)
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FIG. S3. (a) Schematic of a single-mode cavity coupled to all atoms in a one-dimensional spin chain. (b) Schematic of a
single-mode cavity coupled to the first atom in a one-dimensional spin chain.

where Hp, Ho, and H represent the Hamiltonians of the GAs battery, the cavity charger, and the interaction terms,
respectively, with the following forms (hereafter set i = 1):

wWo

Hp = 7(02—#05)—!—/\1(0;0;—1—0;0;’), (S2)
He = wcaTa, (S3)
H; = M\(a'o; +ac)). (S4)

Here, a and a' are the annihilation and creation operators for the single-mode cavity of frequency w.. The Pauli
operators for the jth GA are denoted by o} (a =z, y, 2), and the corresponding ladder operators are aji. Parameter
A1 denote the coupling strength between the two GAs. Parameter s represents the coupling strength between the
GA a and the single-mode cavity.

To study the charging property in the whole state space of the two GAs, we can work in the collective state
representation, where the GAs-battery system behaves as a single four-level system. The four eigenstates of the
GAs-battery system are

) = V2(|ga, ) — lea, 96))/2,
[V2) = [gasgb)

) = leaep),

)

= V2(|ga, eb) + |€ar b)) /2

with the corresponding eigenenergies 1 = —A;, EFs = —wp, F3 = wg, and E4 = A;. In this representation, the
Hamiltonian of the system can be rewritten as

H,=J, +w.aa+ )\g(aTJ_ +H.c.), (S5)

where

Jo = =1 1) (1] — wo [vh2) (Y2| + wo [vh3) (W3] + A1 [Ya) (],

J_ = V2(=[tha) (1] + 1) (W3] + [a) (3] + |h2) (tha]) /2.
When the conditions w, = wg and A\; < Ay are satisfied, the system dynamics is described by the following effective
Hamiltonian [S1]:

2

HE® = S [(alat )10 Gl = [01) () = (') 1) (] = a2 ) (0] ). (56)

The above Hamiltonian describes the dynamics of two GAs excited simultaneously by two photons, a process in
which interatomic interactions are waveguide-mediated and decoherence-immune. When charging is complete, the

interaction between the cavity and the first GA is cut off, and the energy can be stored losslessly in the two braided
GAs.

B. 1D spin chain consisting of N braided GAs

We consider N braided GAs as battery medium and introduce a microwave cavity as a charger. N braided GAs
coupled to a waveguide form a one-dimensional spin chain. In contrast to capacitance-mediated atomic chains,



waveguide-mediated atomic chains do not have next-nearest-neighbor crosstalk. Furthermore, in standard circuit-
QED setups, the presence of the dispersive regime limits the efficiency of energy transfer between batteries, whereas
giant-atom waveguide systems are free from such theoretical constraints. Specifically, the circuit-QED paradigm
typically requires the qubits and the mediator to operate in the dispersive regime (large detuning A < g), which
inherently results in a significantly attenuated effective interaction (g2/A). This second-order process inevitably
limits the efficiency and charging power of the energy exchange between the qubits. In contrast, for braided GAs
operating under a decoherence-free coupling mechanism, the effective interaction strength is directly determined by
the individual relaxation rate (). Consequently, the waveguide-mediated interaction between GAs, characterized by a
resonant first-order process, is theoretically more robust than the second-order interaction mediated by discrete-mode
couplers.

Two distinct charging protocols are explored: (1) collective charging, where the cavity couples to all GAs, and (2)
single-atom charging, where the cavity interacts solely with the first GA in the chain simultaneously.

(1) Collective Charging [see Fig. S3(a)]: The cavity interacts uniformly with all atoms in the spin chain. The
corresponding system Hamiltonian is given by

Hy, = Hg+ H¢ + g(t)Hye,
(S7)

where the time-dependent parameter g(t) defines the charging time interval. We assume g(t) as a step function equal
to 1 for ¢t € [0,T] and zero elsewhere.

The operators Hg, He, and Hj. represent the Hamiltonians of the 1D spin chain battery, charger, and interaction
terms, respectively, with the following forms:

N-1
w _ _

Hp = ;Z;Uf + A1 ;(g;roiﬂ +o;071), (38)

HC = wcaTav (Sg)
\ N

Hpe = (" +a)) o7 (510
wrY

Here, a and a' are the annihilation and creation operators for the single-mode cavity of frequency w.. The Pauli
spin operators for the ith GA are denoted by o (o = z, y, z), and the corresponding ladder operators are aii. The
transition frequency between the ground state |g) and excited state |e) of individual GAs are w,. The nearest-neighbor
exchange interaction strength is A\;. The collective spin-cavity coupling strength is Ao. The 1/v/N scaling ensures a
finite total interaction energy in the thermodynamic limit.

(2) Single-atom Charging [see Fig. S3(b)]: The cavity couples exclusively to the first atom in the spin chain. In
this case, the system Hamiltonian is

Hy, = Hp+ Hc +g(t)Hrs,
(S11)

where the Hamiltonian of interaction term is
Hi, = Xo(a® +a)o?. (S12)

Here, the cavity interacts only with the first atom in the chain (i = 1), with Ay now representing the local coupling
strength. The absence of 1/ VN scaling reflects the localized nature of the interaction, where energy transfer to the
chain relies on spin-spin correlations mediated by A;.

Figure S4 illustrates the effect of the coupling strength between GAs in different protocols on the charging
characteristics. In the weak coupling regime (i.e., Ay < A2), both the maximum energy and average power of collective
charging are significantly higher than those of single-atom charging. This is attributed to the cavity-induced many-
body interactions present in the collective charging protocol. This interaction strength enhances the charging power
of the battery. In contrast, such many-body interactions are absent in the single-atom charging protocol, and the
coupling strength between the GAs is insufficient to facilitate a rapid energy transfer. Under the strong coupling
mechanism, both the maximum energy and average power of the single-atom charging protocol increase, surpassing
those of the collective charging protocol. The strong interactions between the GAs disrupt the cavity-induced many-
body interactions, resulting in a decline in the performance of the collective charging protocol. At the same time,
these interactions accelerate the energy transfer rate in the single-atom charging protocol, causing its performance to
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FIG. S4. (a)-(d) The dependence of the stored energy E(t) (in units hw.), (e)-(h) energy quantum fluctuations > (¢) (in units
fiwe), and (i)-(1) average charging power P(t) (hw?) as a function of w,t for different coupling strength ;. The different curves
in these plots stand for various charging protocols (red dashed line for Collective Charging and blue solid line for Single-atom
Charging), and all are for a QB with the number of GAs N = 6. The cavity-atom coupling strength A2 in both protocols is set

to 0.1. We take w. as a dimensionless parameter and let w. = wg = 1.

exceed that of the collective charging protocol. In summary, the competition between the coupling strengths of the
GAs and the coupling strengths between the cavity and the GAs leads to distinct charging characteristics for the two

protocols.

S3. SLH FORMALISM FOR TWO GAS

To derive the cascaded master equation for multiple GAs interacting with a waveguide, the SLH formalism provides
a convenient framework [S2, S3]. For an open quantum system with n input-output channels, the general form for an
SLH triplets is G = (S,L, H), where S is an n X n scattering matrix, L is the n x 1 vector representing jump operators

to the coupled channels, and H is the Hamiltonian of the system.

A. Braided GAs

For two braided GAs (see in Fig. S5), the SLH triplet of each coupling point is

G?ébf—(l,\F 520, La (b)),
a3 = (1,576, 0).
a3 = (1,775 02 0),
)

a(b)
Z(g — ( ’Yz b) 0

(S13)

where L(R) represents the left (right) propagating channel and 'yf ) is the bare relaxation rate at each connection
point. Since the right and left channels are expressed independently, S and L are simplified as one component by



setting n = 1. We consider the case that there is no relative phase between the two connection points of each GA, but
only a cumulative phase caused by the propagation of the bosonic field. The distance between neighboring coupling
points is assumed to be d, such that the propagation phase between two adjacent coupling points is 0 = kod (ko
is wave number of the central bose modes emitted by the GAs). The SLH triplet for the right propagating field is
derived form the series product relation

Gr =GR ,9GgaGh,9Gg G 1 <Go <G 4, (S14)
where < represents the series product between two SLH triplets and Gy = (e, 0,0). Using the following equation

Goa Gy = (5251, SyLy + Ly, Hy+ Hy+ Oy, [L1SsLy — LISQLQ}) : (S15)

we can obtain

Sr =
LR _ (6319 l 149 )72 O’ + 210 lfh l72
Hip = (% 7172 sm29)ag + (% + - 11’72 sinQQ)aZZ7

1 % % a % a a i a ~a
+42.{K69 el + €3 'yl’y§+69\/72'y§)aai+69\/711’720+0b]—H.c.}, (S16)

where Lp is the jump operator of the right propagating modes. The terms proportional to \/~] a(b) a(b) sin26 in Hg
are the Lamb shifts. Similarly, the SLH triplet G describing coupling with the left propagating modes is written as

6210 ’3121 O' + 10 /’Yl 319 /72

(
H; = (msm%)oj + (@sin?@)ag

1 7 7 a a 7 a ~a
+4{{(e ’y‘f’y'ereSe 'y‘f'ySJree\/nyfyi’)a_‘_all+69\/’yf720_03_] Hc} (S17)

The total SLH triplet is given by the concatenation product

SL _ 3i9

Ly =

_|_

S 0 L
Giotal = GRB G, = a , f , Hp+ Hp, |, (S18)
0 Sg Ly,

with the components

s e3i9 0
total — . )
0 6319

. _(eSiG v21 IRIET )U +( 20 /vl ’Yz) o

total ( "/2i+62i9 /8 )U +( 71+e319 /2)011
[oa~a [ bb

+ 72172 sin 29) ol + (ﬂ NP2 gin 29) ob

Hoa :(
total 2+ 9

5[ (Vo st + rgk) sind + \5pagsind0] (020t + ao” ). ($19)

If we assume equal relaxation rates at all coupling points (7§ = 7§ = 7% = 74 = 7), we can obtain the Lamb shifts

dwq = dwp, = 7y sin 26, (S20)
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FIG. S5. Two braided GAs in the open waveguide.

the exchanging coupling strength

gab = Y(3sind +sin 36)/2, (S21)
the individual decay rates

Iy =T% = 2y(1 + cos 26), (S22)
and the collective decay rate

Ceon = (3 cos @ + cos 36). (S23)

The unique geometric structure of the braided configuration enables a decoherence-free interaction between the two
GAs. When 6 = (n+1/2)7 (n = 1,2,3,...), both the individual and collective dissipation rates vanish, while the
exchange coupling strength remains non-zero. This occurs because, under this phase condition, all photon emission
paths that lead to the GAs’ individual and collective dissipation undergo complete destructive interference. From
Fig. S5, we can see that the paths causing dissipation include:

(a) four routes in the right-propagating direction: x,1 — Tp1 — T2 — Tp2 — far field (accumulated phase 36),
Zaz — Xpa — far field (accumulated phase 6), xp1 — Z42 — xp2 — far field (accumulated phase 26), and zp2 — far field
(accumulated phase 0);

(b) four routes in the left-propagating direction: @y — Za2 — p1 — xq1 — far field (accumulated phase 36),
Tp1 — xq1 — far field (accumulated phase 6), x40 — Tp1 — 241 — far field (accumulated phase 26), and z,1 —
far field (accumulated phase 0).

When 6 = (n+ 1/2)7 (n = 1,2,3,...), the four paths traveling in the same direction satisfy the condition for
destructive interference in pairs (i.e., their phase difference is an odd multiple of 7), thereby making both the individual
and collective dissipation rates zero.

In contrast, when § = (n+ 1/2)7 (n = 1,2,3,...), the photon emission paths that mediate the interaction do not
all undergo destructive interference. The paths mediating the interaction between the GAs include:

(a) four routes in the right-propagating direction: z,1 — 31 (accumulated phase 0), 41 — Zp1 — Taz — Ti2
(accumulated phase 30), .2 — T2 (accumulated phase ), and zp; — 242 (accumulated phase 6);

(b) four routes in the left-propagating direction: zps — .2 (accumulated phase 6), xps — Ta2 — Tp1 — Tal
(accumulated phase 30), zp1 — z41 (accumulated phase ), and z,2 — xp1 (accumulated phase 6).

Since the four paths in the different directions cannot satisfy the phase condition for pairwise destructive interference,
a waveguide-mediated exchange interaction still exists between the two GAs.

B. Separated GAs

For two separated GAs (see in Fig. S6), the components of SLH triplet for the right and left propagating field are

SR — 631'9
a a b
LR —_ (6319 7714_6220 %)Ua_+(6u9 f;l =+ %) li
an~a bab
Hp = (i_’_ V1S Sm@)JZJr (%+ 74172 Sm@gg

—1—1 [ 3 ves + e 88 + e Yeyb + ew\/'ygfyll’) O'U;O'i — H.c.], (S24)
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FIG. S6. Two separated GAs in the open waveguide.

and

SL _ 39

L, = (ew T /i o + o310 /72 (20 /71
2

= i n9)0 + ( Y "3 sm9)
4 4
1 ¥ i i 7
+4 (e”\/ 4 e\ [yeyh + € 7272+69\/72%)0+0 —HC} (S25)

respectively. Therefore, the components of the total triplet for the system are

=
=e
m%

€3i0 0
Stotal = )

631'0

0
_( 3i6 71 420, /25 )J + (et /71 /vé’ ob
Loa = B )
total (10 /72 /71)0 _,’_(319 ’Y2 420, /7 )

/ a /nbAb
Hiotal = (7_,_ i Sin@)Ug-i- (wb + N2 sinH) b

2 2 2 2

1
+5 (\ [72~8 sin 360 + /7848 sin 20 + /42 sin 20 + 1/79~P sin 9) (0% +0%a%). (S26)

If we assume equal relaxation rates at all coupling points (7§ = 7§ = 7Y = 7§ = 7), we can obtain the Lamb shifts

dwg = dwp = ysinb, (S27)
the exchanging coupling strength
Gap = Y(sinf + 2sin 26 + sin 36) /2, (S28)
the individual decay rates
Ty =T =2v(1 + cosb), (S29)

and the collective decay rate

Leon = y(cos 8 4 2 cos 26 + cos 36). (S30)



C. Nested GAs

For two nested GAs (see in Fig. S7), the components of SLH triplet for the right and left propagating field are

Sp =

Lp =

Hpr

and
S =
Ly, =

Hy,

e3

a a b b
3i0 | N /72) a (219 [71 | e /ﬁ) b
e —2 + —2 o_ +|e 9 +e 9 o_

6
)

- 55
a \/1177281113@0‘;—# (ﬁ + mSiH@)Ug

2 4

2
1 [/, | | |
+ o { Kele ¥Eb + 6219\/@) ocob + (62”9 oyg + et \/@aialﬂ)] - H.c.} ,

310
a . a ) b ) b
(T v fEye s (o5 o [y
VNN /~bADb
( 1172 sin39)og + (% sin@)ag

+5 { [(62’9 \/7’1’75 + 619\/7578)0‘103 + (ew Vb + 62”’\/7%3)010

respectively. Therefore, the components of the total triplet for the system are

Stotal =

Ltotal

Htotal =

63i0 0

b

:|—H.C.},

+5 (\ [veybsing + \ /7§ sin 20 4+ (/77§ sin 20 + /7574 sin 9) (c%0% +otab).

(S31)

(S32)

(S33)

If we assume equal relaxation rates at all coupling points (7§ = 7§ = 7Y = 7§ = 7), we can obtain the Lamb shifts

dwg = 7ysin 30,
dwp = ysind,

the exchanging coupling strength

Jap = Y(sin 0 + sin 20),

the individual decay rates

'y =27(1 4 cos 30), Ty = 2y(1 + cosd),

and the collective decay rate

Ceon = 27(cos b + cos 20).

(S34)

(S35)

(S36)
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FIG. S7. Two nested GAs in the open waveguide.

D. Separated GAs in the remote chiral charging protocol

In the remote chiral charging protocol, the two separated GAs act as a charger and a battery (see in Fig. S8 ),

respectively. The phase 9(11’(21’ ) are introduced by the external modulating signals. The distance between the charger
and the battery is defined as L = xp; — z42. For this configuration, the SLH triplet of each coupling point is

o) = (1@ 520 La a(b)),
G - (e )

Ga®) = (1\/W a(v) 0)
R A )

where §9() = 05 ® _ 9?(17) are the relative phase differences. Denoting 6; = koL as the propagating phase between
the two GAs, the SLH triplet for the interaction with the right propagating field is derived from the series product
relation

(S37)

Gr =G, 9GgaGh 1 9Gy, 4G, 1Gg <G 1, (S38)

and the components of SLH triplet for the right propagating field are

SR — 29+0L
Lp = zGL o210 /’71 o800 /72 0 +( o0 /’71 o—i0" /?
[& 71 L] Sln(0+9“)} 2+ {? + - 72172 sin(9+0b)} o?

Hp 2
1 , a . ) .
+Z [( (2040 +0") ,}/1173 + el(9+9L+9h*9 ) ,)/Qa,yg + i0+6L) 7‘117117 + ei0—0 )w/ygyllj)aﬁai — H.C.:|(S39)

Similarly, the components of SLH triplet for the left propagating field are
SL — ’L(26+9L

L, = (1(0 0%) /72 /71 a +610L (i(20—06") /’Yz 0 /71

sm (60— 0“)] ¢ {@ sin(f — 01’)} ob

H; =

2

+4l{( (2046, —6°) Yok 4 i 0H0L) | [hanb  il0+0L+6" —6°) S RS CI ) /ﬁﬁ)(jig’j —H.c.](S40)
1
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Therefore, the components of the total triplet for the system are

[ i(20+01) 0

Shotal =
ota 0 ci(20401) |

i . . a . a a . b b b
0r [ 210, [ 71 iW(6—0), /D2 a 0, /M —i6 22\ b
e (e 5 +e 2 )o? + (e 5 t+e 5)o”
Ltotal = ) w - - ) ) b 5 ) 5
(61(9—9 ) /722 i /vzl )ai 1 eife (61(29—9 ) 2% 4 el /721 )ai

Higtal = {% + /s [sin(G +6%) 4 sin(6 — 9“)} } ol + {w; + 'yi’vg {sin(& + Hb) + sin(f — Qb)} } JZZ’

17 400 . . i(0°—0%) .
5 [ sin(20 + 1)\ /2898 + sin(0 + 00)y/ 789 + O sin(0 + 01) 72078
e gin HLM} (aa_ai + Uioli). (S41)
In the chiral charging protocol, when the relative phase 9‘117(5 ) satisfy the following conditions:

0° =6, 0—0"= (2N + 1)x.

In this case, the total triplet for the system contains only the right propagating modes (i.e. Ly, = 0 and Hj, = 0) when
we assume equal relaxation rates at all coupling points (7§ = 7§ = v = 75 = 7). Note that the phase term et (0+0r)
can be neglected when the distance L between the two GAs is much smaller than the photon’s wave packet length.
This means we neglect the delay effect caused by the photon propagation between the two GAs, and we assume
that the system’s density matrix satisfies p(t — 7) = p(t), where 7 = L/v, (v, is the photon’s group velocity in the
waveguide and L is the physical distance between the two GAs) represents the time required for the photon to travel
between the two GAs [S4]. When L is much greater than the photon’s wave packet length, we can compensate for
the effect of the delay time on energy transfer by adjusting the time parameter 7 in the dissipation signal. Therefore,
we can obtain that

Lg = 5S4+ S,
S; = 2 sinﬂ\/joi, j=a,b, (S42)
and
1 . o 1 . bt n
Heg = i(wa — sin 260)0? + §(wb — sin20)o, + i(SaSb —H.c.). (543)

Therefore, we get the corresponding Lamb shifts
dwq = 0wy = —Ya(p)(t) sin 20 (S44)
in the main text as well as the exchange coupling strengths

Gab = 2i7/7a(t)76(t) /2 5in” 0 (S45)

and the master equation

pr = —i[Heg, p1] + D[LRg]. (546)

S4. ANALYSIS OF ENERGY TRANSFER PROCESSES IN CHIRAL CHARGING PROTOCOL

In remote chiral charging protocol, the intial state of the giant-atom-waveguide system is assumed to be

[(t:)) = lea) @ |Owg) © |gb) , (547)

where atom a (b) is in the excited (ground) state, and |0,,4) represents the waveguide in its vacuum state. The ideal
final state should be

[¥(tr)) = |9a) © [0ug) @ es) - (548)
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However, in experiment, incoherent processes, such as single-photon loss, can degrade the transfer fidelity. Therefore,
the state of the system at t is expressed as [S5]

i) = Hg (t)ei¢)+(t) ‘ga9b0w9> +

Na(t)e_i‘:bi(t) ‘eagbowg> + /’[/b(t)eitbi(t) ‘gaebowg> + Zak<t) Igagblwg> ) (849)
k

where

I I
() =5 / wf;ff(t’)dt’j:5 / Wt ()t (S50)

ti ti

are the dynamical phases. Time-dependent frequency shifts due to Lamb shifts are incorporated into the effective
atomic frequency wgf(fb) [S6]. In the following discussion, the numerical simulation is confined to the single-excitation

subspace, i.e., pg(t) = 0, which simplifies the problem by eliminating the unknown dynamical phase. Note that a4
denotes the probability of excitation leaking into the mode k of the waveguide. To minimize this leakage, the system’s
evolution can be controlled to satisfy the following dark state condition

[Sa(t) + Sp()] [¥e) = 0, (S51)
which restricts the evolution and time-dependent decay rates satisfying the following relation

VEaDa(t) + VTom(t) = 0, (352)

where Iy (t) are defined as Tqp)(t) = 4(sin 6),)(t). By combining equations (S43) and (S52), one can obtain the
evolution functions i, (t) as

falt) = -5 1), (559
N Y1)
o) = ~20 (1) — VLT al) (554

The perfect energy transfer requires the intial and final states satisfying the boundary conditions:

Halt) = o) =1, palts) = ps(ts) = 0. (355)

To find suitable dissipation sequences, we make use of the following time symmetry argument: if a photon is emitted
by one qubit, then, upon reversing the direction of time, we would see a perfect reabsorption. Based on this, we must
ensure that the emitted photon shape remains invariant under time reversal, and we use a time-reversed control pulse
for the second qubit [S6].

In the charging protocol, the photon shape in the waveguide can be defined as a(t) = v/Tqp,. We can ensure that
its time derivative satisfies a(t) = f(t)a through a series of pulses, where f(t) satisfies the condition f(t) = —f(—t),
thereby ensuring that the photon absorption process of the second GA is the time-reversed copy of the photon emission
process of the first GA. For the sake of discussion, we assume ¢ty = —t; here.

From Eq. (S53), we can obtain

r r
%ty — —2/Totta S56
T Ha ™ 5 VEan (S56)

Substituting u, = a/+/T, into the above equation, it becomes

. (1T T,
a = <21_‘a — 2) a. (857)

. d
a= %(\/F»aﬂa) =

N |

Therefore, we have

I, = T2 4 2f(t)T,. (S58)
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FIG. S8. Schematic diagram of remote chiral charging protocol.

The dissipation sequence satisfying this differential equation ensures that the photon shape emitted by GA a is
time-reversed.

Once a positive and bounded solution is obtained from Eq. (S58), we can use it to calculate u,(t). The quantities
in GA b are then given by up(t) = —pa(—t) and T'p(t) = Ty (—1).

It can be verified that when f(t) = —T'axsgn(t)/2, a solution of Eq. (S58) is given by
elmaxt

Lot <0) = Fmaxma

To(t > 0) = ax. (S59)

The dissipation sequence in Eq. (S59) theoretically and perfectly satisfies the dark state condition:

\Y4 Fa(t)ﬂa(t) + Fb(t);ub(t) =V Fa(t),u'a(t) Y Fa(_t)ﬂa(_t) = 07 (860)

ensuring the lossless transfer of energy between the GAs.
When considering the delay effect caused by photon propagation, the pulse sequence becomes:

Fmaxermax(tiT)
—maxt <7

Fa(t) = Fb(T — t) = 2 — ermax(t_T) (861)
Fma)u t Z T

In experiments, the decay sequences of two GAs can be realized by designing time-dependent coupling strength at
each connection point, which corresponds to changing the amplitude of control flux. Taking GA a as an example, the
decay rate [S4] is

Ly
Lo =5 (ge, * +g-5. ), (562)
Vg

where L4 is the waveguide total length, v, is the group velocity, and g+, are the coupling strength of the atom with
the right-/left-propagating wave vector £k, When the phase condition is satisfied, g_x, becomes zero. In the next
section, we will demonstrate how to design the time-dependent coupling strength by adjusting the amplitude of the
magnetic flux.

S5. TIME-DEPENDENT COUPLING BETWEEN SUPERCONDUCTING GAS AND THE
WAVEGUIDE

Figure S9 shows that a superconducting GA interacts with the waveguide at two points. Each coupling point is
mediated by a Josephson junction inserted in a loop.The inductance L,; and L4 of the ith loop (i=1,2) are the
shared branch in the waveguide and GAs, respectively. The phase difference across Josephson inductance in loop 1 is
denoted as ¢%. The intermediate junction can be viewed as a lumped inductance £; as

£T P

. = . T =
Y cos¢ 2,

(S63)

where I. represents the critical currents of two junctions. Note that L., L4, and £; form the loop C; at the ith

coupling point, through which an external flux bias 3l s applied. We assume that the inductance branch L,,;(L4;)

ext
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is much smaller than the total inductance of the atom (the waveguide). The boundary relation of the loop C; is given
by [S7]

. 9 . )
o) = / Adl = g [@éQt — (Lai + Lgi) I sin g | (S64)
0

One can find that qﬁf]i) is restricted by the following transcendental equation

Lo + L:qi

(@)
of + =

i) 2T

sin () = —= o) (S65)
00

which shows that qSL(]i) can be controlled by the external flux. We set 8 = (Ly; + Lgi)/Lr and assume L, = L4 = Lo.

By applying the Y — A transformation for the coupling loop, the effective mutual inductance between the waveguide

and the GA is derived as [S8]

M- L3 _iﬁ cos ¢
2o+ L;  Lrl+PBeosel’

(S66)

Therefore, the mutual inductance Mg; is tunable by changing the external flux fbg()t. The modulating relation is found

from the transcendental equations (S65) and (S66). By assuming 8 < 1, we obtain ¢f,i) ~ %’;(I)éi)t and derive the
effective mutual inductance as

2
2 .
My, = £ cos (lq)(l) (567)

ET (I)O ext) ’

which shows that the mutual indutance Mgy; can be modulated by CIDg()t in a cosine form.

Given that the transmon is of weak Kerr nonlinearity, we can approximately view it as a Duffing oscillator, which
quantization Hamiltonian is

E
H, = hQ,bh — T20(1) + o4, (S68)

ﬁ, L is the total inductance of the transmon, Cy is the total transmon capacitance, Ec = €*/(2Cq)
QRYvq

is the charge energy, and b (b') is the annihilation (creation) operator. The current operator of the transmon is
approximately written as [S7]

where , =

hQ
I~/ —2 .
P 2o (b+0b") (S69)

By considering two lowest energy levels, we rewrite the Hamiltonian H, in the Pauli representation, i.e., by replacing
bi(b) = o_(04)

1
H, ~ ihwqmro_, (S70)
hQ
Iq = 252 (0— +U+)7 (871)
E
wy = Q- 70 (S72)

The current operator of the waveguide is written as [S9]

. hkdl(k) —i * 3
I, = Z; Yo [agke mulk(w) — ajke’kxulk(x)}, (S73)
where w;(k) is the eigenfrequency of mode k in the Ith energy band, Lo = Luwglo is the total inductance with L,

being the waveguide total length and [y being the static inductance, a;, (a;rk) is the annihilation (creation) operators
for the mode k in the lth energy band, and u;,(z) is the Bloch eigen-function satisfying uig(z) = wig(z + Ayp) with
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(a) (b) |

Lut § Lot

FIG. S9. Tunable coupling between the waveguide and a superconducting GA of transform form. The blue line represents a
coplanar waveguide. The coupling points are mediated via loops with Josephson junctions (red crosses). At coupling point i,
L.; and Lg; are the shared branch inductances in the waveguide and the transform qubit, respectively. The time-dependent
couplings can be obtained by applying an external time-dependent flux ®;(¢).

Am being the periodic length. We have assumed the waveguide is a Josephson photonic-crystal waveguide. The
interaction Hamiltonian between the waveguide and the GA is

Hy = 3 Myl Lo ~ 1Y > [gw(hafo +Hel, (S74)
1=1,2 l k
1 k
ant) = 21/ S g e (), (575)

T Lt ot = Pbi + %di cos(Qqt + ¢;) is the
external flux with the dc part ®;; and the modulating amplitude d; (phase ¢;). Assuming that d; is small, M;(t) can

be simplified as Mg;(t) ~ Alé cos(Qqt + ¢;), where A; is the first order Fourier amplitude of Mg;(t). Consequently,
the time-dependent coupling between GAs and the waveguide is obtained [S4].

In the chiral charging protocol, both the phase condition § — %) = (2N + 1)7 and the dark state condition
VIa(®)pa(t) + /To(t)ps(t) = 0 must be satisfied to achieve lossless unidirectional flow between the charger and
the battery.The fulfillment of these two conditions requires the separate modulation of the phase and amplitude
components of the external magnetic flux, respectively. Specifically, to achieve chiral emission, the phase difference
between the two magnetic fluxes applied in each GA must satisfy ¢o — ¢1 = Gg(b) - Of(b) =6 =g — (2N + 1)7.
The parameters provided in Reference [S4] indicate that when the distance between the coupling points of each GA
is an integer multiple of the resonant mode wavelength, the phase difference corresponding to perfect chiral emission
is 0.127. As for the dissipation rates I';)(t), we need to design appropriate magnetic flux amplitudes d; to satisfy
the dissipation sequence given in Eq. (S61). The dependence of the coupling strength on the magnetic flux amplitude
is also discussed in the Appendix of Reference [S4].

2 . .
where My (t) = £22¢ cos (%Z‘I’Z ) is the effective mutual inductance and ® "

If we aim to utilize the braided configuration to achieve both battery charging and energy storage, we can implement
it in the following manner:

(i) Charging Phase: The system composed of braided GAs is operating at the decoherence-free point (e.g., 8 = 7/2).
The constant coupling g, enables the lossless, coherent energy transfer from the charger to the battery.

(ii) Storage Phase: Once the battery is fully charged (e.g., at the peak of the oscillation), the coupling between
the battery (GA b) and the waveguide is dynamically tuned to zero by adjusting the external fluxes on its coupling
points. This effectively decouples the battery from the waveguide, freezing its energy in the excited state without any
oscillation or energy leakage. This is achieved without needing to change the propagation phase 6.

This proposed method uses dynamic control to create a zero-coupling condition at will from any initial configuration,
providing the necessary on/off functionality for a practical QB. This approach does not re-introduce decoherence during
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the storage phase because the battery is actively decoupled from the primary dissipation channel (the waveguide).
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