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Highly efficient transfer of quantum resources including quantum excitations, states, and information on

coupled bosonic networks is an important task in quantum physics and quantum information science. Here we
propose a bipartite-graph framework to characterize quantum excitation transfer in coupled bosonic networks.
This is achieved by diagonalizing the intermediate subnetwork between the sender and the receiver to construct
a bipartite-graph configuration, and hence this treatment can be understood from the viewpoint of network
deformation. We examine the covariance matrix of the coupled bosonic networks in both the original and
bipartite-graph representations. In particular, we investigate quantum excitation transfer in both the finite and
infinite intermediate-normal-mode cases and show the dependence of the transfer efficiency on the network
configurations and system parameters. We find the bounds of maximally transferred excitations for various
network configurations and reveal the underlying physical mechanisms. We also discover that the dark-mode
effect will degrade the excitation transfer efficiency. Our findings provide a new insight for the design and
optimization of networks in physics, information theory, and complex system science.

DOLI: 10.1103/pbmn-nlg4

I. INTRODUCTION

Coupled quantum networks [1] are typically composed
of quantum nodes, which are connected by quantum cou-
plings. The construction of coupled quantum networks is
one of the most important tasks in quantum physics and
quantum information science [2]. This is because the cou-
pled quantum networks can not only enlarge the scale of
information-processing nodes but also overcome the physical
limitations of individual quantum processors and then break
the spatial constraints. Currently, coupled quantum networks
have been constructed in various physical platforms, such
as ion traps [3], coupled cavities and waveguides [4-20],
coupled-oscillator networks [21-30], spin networks [31-40],
optomechanical networks [41-50], and synthetic photonic
lattices [51-60].

To exploit the advantages of coupled quantum networks,
the implementation of highly efficient quantum resource
transfer on networks becomes a significant and desired task.
As aresult, how to understand the physical principle determin-
ing the network function, design the network configuration
and parameters, and broaden the applications of networks
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become critical scientific topics in this field. In recent years,
many achievements have been made in the study of quan-
tum networks, such as quantum transfer [3,31-37,40,61-73],
quantum walks [10,74-84], entanglement distribution [4,85—
90], and quantum synchronization [91-95]. Among these
topics, efficient quantum resource transfer plays a crucial
role in ensuring the reliability of quantum information pro-
cessing, optimizing the utilization of distributed quantum
resources, and facilitating the advancement of scalable and
resilient quantum networks. It has been found that highly
efficient quantum resource transfer on a static network can
be realized based on preengineered couplings among nodes,
without using complex dynamical control [31,32,62]. These
transfer protocols have mainly been developed for chain-
type networks with prescribed coupling patterns. However,
determining the optimal parameter conditions for preengi-
neering couplings is highly challenging in general quantum
networks due to the complexity of the transmission paths.
Furthermore, the dark-mode effect originated from destructive
interference will also impede the perfect transfer of quantum
resources. Therefore, optimizing the coupling configurations
of networks, analyzing the influence of dark-mode effects on
quantum transfer, and determining the parameter conditions
for achieving highly efficient quantum resource transfer are
important and desired research topics in this field. Motivated
by these challenges, we introduce a bipartite-graph framework

©2026 American Physical Society
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that maps general coupled bosonic networks onto a simple
representation. This framework allows us to identify the roles
of coupling paths and dark modes in determining the transfer
efficiency.

In this paper, we propose a bipartite-graph framework to
study quantum excitation transfer between two nodes in a
(2 4+ N)-mode coupled bosonic network. Here the starting
and ending nodes of the excitation transfer are denoted as
the sender and receiver, respectively, and the remaining N
nodes form an intermediate subnetwork. Further, we establish
a bipartite-graph framework by diagonalizing the interme-
diate subnetwork into N independent normal modes. The
bipartite-graph framework can be understood as an applica-
tion of the network deformation. It can be used to simplify
the network configurations and provide a unified represen-
tation to regularize the network structure. In addition, it
enables us to uncover the underlying physical mechanisms
governing the excitation transfer in the original network, in-
cluding the role of dark modes decoupled from both the
sender and the receiver. Moreover, this framework enables
the determination of the parameters for optimal transfer and
offers the insights for inverse design of complex quantum
networks.

To investigate the quantum excitation transfer from the
sender to the receiver in the coupled bosonic network, We
derive the equation of motion for the covariance matrix (CM)
and establish the relationship between the CMs in the original
and bipartite-graph representations. Concretely, we analyze
quantum excitation transfer in the bipartite-graph network for
two cases: finite and infinite intermediate normal modes. For
the case of finite intermediate normal modes, we consider the
(2 + N)-mode bipartite-graph network with N =1,2,...,5,
and we show how the transfer efficiency depends on the
network configurations and system parameters. For the case
of infinite intermediate normal modes, these normal modes
can be considered as the effective vacuum baths containing
discrete bosonic modes. Under the Weisskopf-Wigner approx-
imation, we derive the quantum master equation and obtain
the relationship between the transfer efficiency and the ef-
fective decay rates for various coupling configurations. By
analyzing the quantum excitation transfer in the bipartite-
graph network, we obtain the system parameters for the highly
efficient quantum transfer of the excitations in various cou-
pling configurations, and then the parameters corresponding
to a highly efficient quantum transfer in the original bosonic
network can be obtained accordingly.

In this case, the bipartite-graph framework will not only
provide a new insight for studying quantum resource transfer
in complex and large-scale coupled quantum networks but
also establish a new paradigm for studying coupled quantum
networks. Therefore, this work paves the way toward the
realization of highly efficient quantum resource transfer in
scalable coupled quantum networks and the optimal imple-
mentation of quantum networks.

The rest of this paper is organized as follows. In Sec. II,
we introduce the physical model for coupled bosonic net-
works and present the Hamiltonians. Concretely, we present
both the original and bipartite-graph representations for the
coupled bosonic networks. In Sec. III, we derive quantum

Langevin equations (QLEs) for the networks expressed in
these two representations. We also introduce the CM and
their equations of motion. In Secs. IV and V, we investigate
quantum excitation transfer in the finite- and infinite-mode
bipartite-graph networks, respectively. Finally, we present
some discussions on the experimental implementation of
this scheme and provide a brief conclusion of this work in
Sec. VL.

II. COUPLED BOSONIC NETWORK AND HAMILTONIANS

We consider a coupled bosonic network consisting of
(2 + N) bosonic modes (each mode is a node), as shown in
Fig. 1(a). Here two bosonic modes, denoted as the sender
and the receiver, are coupled to other N bosonic modes. For
clearly understanding the role of these nodes in the network,
we denote the sender and receiver nodes as modes a; and a,,
respectively, while other bosonic-mode nodes are described
as modes b; for j=1,2,..., N. Hereafter, we will inter-
changeably write “1,2, ..., N” as “1-N” for brevity. In this
network, all the modes b; play the role of intermediate modes
between the sender and receiver modes a; and a,. We assume
that all these bosonic modes could be coupled with each other
via the excitation-exchange interactions. Concretely, the two
modes a; and a, could be coupled with each other via a direct
interaction, and all other intermediate modes b; can form a
subnetwork. In addition, there exist couplings between the
modes a;—; > and bj_;.y.

Based on the above analyses, the Hamiltonian of the cou-
pled bosonic networks can be written as

ﬁcbn = ﬂa + ﬁh + Haba (1)

where H,, Hy, and H,;, describe the Hamiltonians of the mode-
a subnetwork (including the sender and receiver modes a;
and a;), the mode-b subnetwork (including these intermediate
modes bj—;.y), and the interactions between the nodes of the
two subnetworks, respectively. Concretely, these Hamiltoni-
ans can be written as

H, = a)la a + w2a2a2 +ga a+g &'& (2a)

ﬁb=2wb,bb + Z (& b%by + &5 ,bb)), (2b)

Jj=1 Ji'=Lj<j

Hay, = Z Z(m jay by +nf by, (20)

=1 j=1

where a; (&I) and a, (Ez;) are, respectively, the annihilation
(creation) operators of the sender and receiver modes, with the
corresponding resonance frequencies w; and w,, and g is the
coupling strength between the sender and receiver modes. In
addition, b b ]) is the annihilation (creation) operator of the
jth bosomc mode b; with the resonance frequency w, ;, and
&, is the hopping coupling strength between the two bosonic
modes b; and bj. The variable 7, ; (1 ;) is the coupling
strength between the sender (receiver) mode a; (ay) and the
Jjth intermediate bosonic mode b;.

To be concise, we introduce the operator vectors for these
intermediate modes as

b= (b, by, ... by, =, b, ....b), (3
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FIG. 1. Configurations of the coupled bosonic network in both the original and bipartite-graph representations. (a) The original rep-
resentation of the coupled bosonic network consisting of the sender mode a;, the receiver mode a,, and N intermediate bosonic modes
{b1, by, ...,by}. (b) The bipartite-graph coupling configuration among the sender mode a;, the receiver mode a,, and these intermediate
normal modes. Here B(lljvl and B(lfz\,; are the intermediate normal modes only coupled to the sender mode a; and the receiver mode a;,
respectively. BE‘:}VZ and B(l‘% are the intermediate normal modes commonly coupled with and decoupled from the two modes a; and a,,
respectively. In this network, the total number of the intermediate normal modes is N = N, + N4y with N, = N; + N, + N; being the number of
the normal modes connected to the sender-receiver subnetwork and N, the number of decoupled modes. Since these N, decoupled normal
modes have no influence on the excitation transfer, they can be ignored during the analyses of the excitation transfer. As a result, the
bipartite-graph network can be conveniently labeled as (N;, N,, N3|Yes or No), where N;, N,, and N; represent the numbers of the intermediate
normal modes coupled only to the sender mode a;, only to the receiver mode a,, and to both of them, respectively; and the Boolean variable

“Yes” (“No”) indicates that the sender and the receiver are directly connected (disconnected).

where “T” denotes the matrix transpose. Equation (1) can then be expressed as a compact form

a
5 At AT T M| 4
Aeon = (@], &, BHH,) | a2 |, )
b
where we introduce the coefficient matrix
] 8 n,p M2 n,N
g 2 M2,1 M2 M2.N
. H, | C, M1 My | @ 12 &1
- [
H, = ( C;b H, ) - UT,z 77;2 | 51*2 Wp,2 & )
My My | §iv &w @p,N
[
Note that we add the superscript “(N)” in Hg;’ ) to denote the of the jth intermediate normal mode defined by
number of the intermediate modes.
From the viewpoint of quantum information science, the N
implementation of a highly efficient quantum resource trans- _ :
P gy etlicient q , Bi=Y Upjby. j=12,....N. (6)
fer from the sender to the receiver in the network described i

in Fig. 1(a) is a significant task. In particular, how to find
the optimal parameter conditions, optimize the transmission
paths, and achieve a high transmission efficiency are crucial
for implementing highly efficient quantum resource transfer
in this network.

We can see from Eq. (5) that the maximal distance be-
tween the sender and the receiver is N 4 1 for the coupled
bosonic network depicted in Fig. 1(a). The large distance
makes it difficult to analyze the optimal transfer condition.
To address this issue, we propose a bipartite-graph frame-
work to study quantum excitation transfer in the networks.
Concretely, we diagonalize the intermediate-mode network
by introducing a unitary operator U, i.e., Hz = UH,U" =
diag(2y, 25, ..., Qy), where Q; is the resonance frequency

Here the symbol “diag(-)” represents the generation of a
diagonal matrix with the elements of (-) on the main diago-
nal. Using the operator U, the intermediate-mode subnetwork
can be transformed into N independent intermediate normal
modes B;_;y. In this case, the coupled bosonic network
depicted in Fig. 1(a) can be transformed into the bipartite-
graph network, as shown in Fig. 1(b). For clarity, we show
this transformation using a (2 4 2)-mode network that con-
tains two degenerate type-b modes {b, b} coupled via a
real hopping amplitude & ;. The corresponding coefficient
matrix is given in Eq. (5§). We can diagonalize H, by in-
troducing the unitary matrix U = %(711 i), and then the
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intermediate-mode subnetwork can be transformed into two
independent normal modes B; = [b + (—1 Ybl/ /2 with the
normal-mode frequencies Q; = w,, + (—l)jél,z for j =1, 2.
This diagonalization process effectively reshapes the network
configuration: The original complex connections are simpli-
fied into a bipartite-graph configuration where the sender and
receiver modes interact exclusively with two independent nor-
mal modes {B;, B}, thereby providing a clear visualization of
network deformation.

For the bipartite-graph network, there are two connected
subnetworks {ai, a>} and {Bj—;.x}. The former subnetwork
consists of the sender mode a; and the receiver mode a,,
while the latter consists of N intermediate normal modes
Bj_i.n. The intermediate normal-mode subnetwork can be
divided into four subsets: The first subset contains N; normal
modes {B('), R Bgl)} connected only to the sender mode a;;
the second subset includes N, normal modes {B(C), e, Bf\i)
coupled to both the sender mode a; and the receiver mode as;
the third subset consists of N3 normal modes {B\", ..., B;Z)}
connected only to the receiver mode a;; and the fourth subset
has N4 normal modes {Bgd), e, Bz(\Z)}’ which are decoupled
from both the sender mode a; and the receiver mode a,.
Therefore, there exists the relation N = N, + Ny with N, =
Ni + N, + N3 (Ng) being the total number of the normal
modes coupled to (decoupled from) the sender-receiver sub-
network. Since these N, decoupled modes are not involved in
the dynamical evolution of the network, they can be ignored
in the following discussions. To be concise, we label the con-
figuration in Fig. 1(b) as (N;, N,, N3|Yes or No), where the
Boolean variable “Yes” (“No”) means the presence (absence)
of a direct coupling g between the sender and receiver modes.
For example, the notation (0, 1, 0] Yes or No) denotes a single
type-b normal mode interacting with both the sender mode a;
and the receiver mode a,. Note that when Ny = N3 = N; =0

J

the bipartite-graph network is reduced to a complete bipartite-
graph network [96].

According to the network structure, we can obtain the num-
bers associated with the coupling configurations. Concretely,
when N, = 0, the quantum excitation transfer requires a direct
coupling between the modes a; and a,, and then the number
of the configurations is given by

N, +1
n:( f):M+L ™

with the binomial coefficient (r’:l) = n!/[m!(n — m)!]. In con-
trast, if N, > 0, then the number of configurations is

Ne+2\  (Ne+1\ 1
T2—< ) )—( 1 >—2NC<NC+1>, ®)

and this number needs to be doubled to cover the two cases
corresponding to the presence and absence of the direct cou-
pling between the two modes a; and a,. By combining the
above cases, the total number of all possible configurations
can be obtained as

Now = Ti + 2T = (N, + 1) 9)

for the bipartite-graph network.

We can also see from Fig. 1(b) that the number of the cou-
plings should be smaller or equal to 2N, 4 1 and the maximal
distance between the sender and the receiver is reduced to 2.
Owing to this feature, the bipartite-graph network can provide
a clearer picture to explain the physical mechanism underly-
ing the excitation transfer. When there is a direct connection
between the sender and the receiver, i.e., g # 0, the bipartite-
graph network becomes a semi-bipartite-graph network [97].
For convenience, we sort these N intermediate normal modes
in Fig. 1(b) so that Hp can be expressed as

Hp =diag(Q),.... Q). Q. ...y ", ... ). " ....¢f). (10)

where Q) is the resonance frequency of the intermediate normal modes corresponding to these four subsets.
To conveniently describe the coupled bosonic network depicted in Fig. 1(b), we introduce the normal-mode operator vectors

B — (BD p) pc) pC) pr) A pld) ACANT _ 1y
B=(BY.....By.B\".....By B, ....By) . B, ....By’) =TUb,

B — (BT BT ploft pt po pit pldrt Y — byt
B = (B, ....By) B, .. By BB B BY)T) =bTU

The Hamiltonian of the coupled bosonic network in the
bipartite-graph framework can then be expressed as

a
Aen = (@], &, BHH | @ | (12)
B

(11a)
(11b)

(

where we introduce the coefficient matrix in the bipartite-
graph representation as

H, | C
N) _ a aB
Has ‘( Cly | Hj ) 4
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() _
In Eq. (13)’ the submatrix Ha is defined by Ha — (;);: Cf )’ G (G2 Ni+1> GZ Ni425 o0 e G2,N1+N2)’ (16C)
2 r
Hj is defined in Eq. (10), and the coupling matrix C,p is G( = (Gz Ni+N+ 1 GoN o425 - G2,N1+N2+N3)v (16d)
defined by the elements and 0;,y, = (0,0, ...,0)y, for s =1,3,4. These matrix

N elements have been introduced in Eq. (14).
(Capdej = Gij =Y ne; (U . (14)

=1 III. COVARIANCE MATRIX OF THE COUPLED

BOSONIC NETWORKS
Note that the effective coupling strength Gy ; is a linear
combination of the original couplings 7y, weighted by the
elements of the unitary matrix U. For the (2 4+ 2)-mode ex-
ample above, the effective couplings are given by G ; =

For a practical network, its environment will inevitably
affect the efficiency of quantum excitation transfer. To include
the dissipation effect, we adopt the QLEs to describe the
k evolution of the nodal modes in the networks. To analyze the
(.2 + (_.1 Y ikal/2 fgr j=12 ) quantum excitation transfer, we need to derive the equation of

According to the sorting order corresponding to Eq. (10) motion for the CM. In this section, we will present a detailed
and the coupling configuration in Fig. 1(b), we know that the  gerjvation of the equation of motion for the CM in both the
coupling matrix can be expressed as original and bipartite-graph representations of the coupled

o © bosonic network.
G] G1 01 X N3 01 XNy
Cap = © @) : (15

01 XN; G2 G2 01 XNy

A. Covariance matrix of the coupled bosonic networks
in the original representation

Here these submatrices are defined by To include the dissipation of the coupled bosonic network

G(l) (G1 1, Gia. G, Nl) (16a) ericted in Fig. 1(a), we assur.ne.tf.lat all the nodal modes
in the network are coupled to individual vacuum baths. By
G(°) (G1 N+1> Gin 42, -+ -, G, +N2), (16b) introducing the operator vectors
J
(1) = [a1(0), (), bi(0), ..., by(1). a] (1), &y@), B @), ..., B, (17a)
. . R N T
N@) = [Fy (@), Fo, (1), By, 1), ..., By (1), B} (), B (0), F) (), ..., Ff ()], (17b)

the QLEs of the nodal modes in the network can be written as

d(t) = Ad(t) + N, (18)
0 .
where we introduce the drift matrix A = (|, 0 —E*)’ with

i) + % ig i in2 inn

ig* i) + % N2 N2 o in.N

i ins iwp) + 5 €12 o i&1n
E=1 i,  in, £, o+ % o gy | (19)

iy in; N i N 39 e dopy + 5

In Eq. (17b), Fa1 , Fy,,and ﬁb,-:m are, respectively, the noise operators of the baths associated with the sender, the receiver, and the
intermediate modes b;—i.y. The variables in Eq. (19) have been defined in Eq. (1). These noise operators satisfy these nonzero
correlation functions

(F OE] ") = k(i + 1)8(t — 1), (20a)
(EJOF, (1)) = ki st — 1), (20b)
(B, OFS @) = v + 1S = 1), (20c)
() OFs, (") = y;fin 18 1), (20d)

for/ =1,2 and j = 1-N, where #; and 71, ; denote the average thermal excitation numbers associated with the baths of these
modes a; and b;, respectively. The variables «, k>, and y;—;_y are the decay rates corresponding to the sender, the receiver, and
the modes bj_.y.
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To study quantum transfer of a single excitation from the sender to the receiver in the bosonic network, we need to calculate
the mean excitation number of the receiver mode a,. For our purpose, we introduce the CM defined by the elements

Ry (1) = [0 () (1) + (0 (1) (1))] (21)
forl,I'’=1,2,...,(N + 2). The evolution of the CM is governed by the equation of motion
R(r) = AR(t) + R()AT + C, (22)
. 0o P .
where we introduce C = (P 0) with
i (i + 3) 0 0
Ky (7_12 + %) 0
P= 0 0 i +3) - 0 . (23)
0 0 0 o yw(An + 3)
By solving Eq. (22), we can obtain the expression of the CM as
R(t) = GORO)GT () + G)Z(1)G! (1), (24)
where
t
Z@t) = f G '(0)CIG™ (1)) dx, (25)
0

with G(t) = exp(At)G(0) and G(0) = 1. Then the mean excitation number of the receiver mode a; at time ¢ can be expressed
as

(@ (1)) = Ry4an(t) — 3, (26)

where Ry 14 ,(?) is the matrix element defined in Eq. (21).

Following the above-mentioned procedure, we can obtain the result of the quantum excitation transfer. However, to identify
the influence of quantum interference effect on quantum excitation transfer, we need to analyze the equation of motion for the
CM in the bipartite-graph representation. To this end, below we perform a detailed calculation of the excitation transfer in the
bipartite-graph representation.

B. Covariance matrix of the coupled bosonic networks in the bipartite-graph representation

For the bipartite-graph network depicted in Fig. 1(b), the intermediate normal mode B; is composed of these intermediate
modes b;__y, and the relation between the operator vectors B and b is given in Eq. (11). For the normal mode B, it is not only
affected by the bath associated with b; but will also be affected by these baths coupled with other intermediate modes b ;.
Accordingly, we introduce the noise operator ng (t) for the normal mode B; as

N
By ()= Uj by, (0). (27)

=1

Based on Egs. (20) and (27), we can obtain the correlation functions for these normal-mode noise operators FBj (t) as

N
(B, OF; (1)) = YU plFs , OF O)U; . (28a)
j'=1
N 1.
(B (O, () = YU {E (OF, ())UD,.. (28b)

J=1

Note that the correlation functions in Eqs. (28) are the superposition of nonzero correlation functions of the noise operators
Fy,(¢), where the superposition coefficients are determined by the unitary matrix U.
To analyze the quantum excitation transfer in the bipartite-graph network, we further introduce the operator vectors

U(t) = [a1(1), ax (1), By (1), ..., By(2), &} (1), a5 (1), B] (1), ..., BL(O]" = Va(), (29a)
N = [Fy, (1), B (0), By, (). - .., By (), E (0, L (0), B (1), ... i (0] = VR(@), (29b)
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where the matrix V can be expressed as

V=LoUeoLoU, (30)

with the notation “@®” denoting the direct sum of matrices. In Eq. (30), the matrix I, represents the 2 x 2 identity matrix and U

is given in Eq. (6). Then the QLEs can be written as

d(t) = Afict) + Nt 31)
where we introduce the drift matrix A = (_OE _%*) with
o) + 5% ig iGy,1 iGi2 iGi N
ig" iwy + 5 iGa1 Gy G,y
i iG} | iGy, i+ e Do ,
E=1l ic;, ia, L Lo N U (32)
Gy 0GB o iy + T

In Eq. (32), T} are the elements of I' = UI'U" with the
damping matrix I' = diag(y, 2, ..., ¥N)-

Similarly, we can analyze the quantum excitation transfer
by calculating the mean excitation numbers based on Eq. (31).
To this end, we introduce the CM defined by the elements

R, /(1) = [t (O (1)) + @y (OD(D))], (33)

which satisfies the equation of motion

R(t) = AR(") + R(HAT + C. (34)

In Eq. (34), we introduce the matrix C= g P), where the
submatrix P takes the form

P=LeoUPLoU) (35)

with P given in Eq. (23). When the original damping rates are
nonidentical (i.e., y; # y;), P is generally nondiagonal, and
Eq. (35) retains the cross-noise correlations between differ-
ent normal modes. Then the mean excitation number of the
receiver mode a; is given by

(@ar () = Ryjan(t) — 1, (36)

where RN+4,2(t) can be obtained by solving Eq. (34). Bzised
on Eq. (6), we can obtain the relation between the CM R(z)
and R(?) as

R() = VR() VT, (37)

where V is given in Eq. (30).

In the following two sections, we will analyze quantum
excitation transfer from the sender mode a; to the receiver
mode a, within the bipartite-graph framework.

IV. QUANTUM EXCITATION TRANSFER IN THE
(2 + N;)-mode BIPARTITE-GRAPH NETWORK WITH
FINITE VALUES OF N,

In coupled bosonic networks, quantum excitation transfer
provides a fundamental mechanism for transmitting physical
carriers, such as photons or phonons, between any two nodes.
In this work, we quantify the transfer performance by the

average excitation number received by the mode a,, focusing
on excitation transfer rather than full quantum-state transfer
fidelity. Specifically, we analyze quantum excitation transfer
dynamics of a coupled bosonic network in the bipartite-graph
framework by employing the covariance-matrix formalism.

Since the total excitation number operator alé; + aia, +

Z]jyzl Ejé ; is a conserved quantity, we can restrict the sys-
tem within the single-excitation subspace when we consider
that the single excitation is initially in the sender mode
a;. In this~ case, the in~itial CM elements in~Eq. (33) are
g~iven by RNC+3,1(O) = RI,NC-&-S(O) = 3/2 and RN,.+2+j,j(0) =
Rjn.42+j(0)=1/2for j =2,3,..., Nc + 2, and all other el-
ements are zero. Next, we will analyze the transfer of the
single excitation from the sender mode a; to the receiver mode
a, in the presence of different N, intermediate modes.

A. Quantum excitation transfer in the (2 + 1)-mode
bipartite-graph network

In the case of N, = 1, i.e., for the (2 4+ 1)-mode bipartite-
graph network, the Hamiltonian can be expressed as

I

y AT A D 1 ~

Hen = (a], &, BDH) | a2 |, (38)
B

where the coefficient matrix is given by

] W) g Gy
H)=| & o |G, | (39)
G, G, |

We can see from Eq. (39) that there are three connections in
the (2 + 1)-mode bipartite-graph network. In practice, both
the direct sender-receiver coupling and the indirect coupling
through the normal mode B; are crucial for the transfer of
excitations from the sender to the receiver, so it is an impor-
tant topic to analyze the influence of these couplings on the
excitation transfer.

For the (2 4+ 1)-mode network, there exist four different
coupling configurations according to the distribution of these
connections, as shown in Fig. 2(a). To focus on the influence
of the normal mode B; on the excitation transfer, below we
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FIG. 2. (a) Four coupling configurations of the (24 1)-
mode bipartite-graph  network. [(b)-(g)] Maximum mean
excitation number (&;&z)max vs the coupling strengths
Gi1/wm, Gai/wn, and the detuning A/w, in these -cases:
b) g=00lw,, G111 =061 =G; (©) ¢g=0, G,1 =G =G;
(d) 8= 001(1),,,, G2'] = 0, G]'] = G, (e) 8= OOIwm, G],l =
0, Go1 =G; (f) g=0.0lw,, G =0.0080,, G2 = G; and (g)
g=0, G;; =0.008w,,, G»; =G in the (24 1)-mode bosonic
networks. The notation (N;, N,, N3|Yes or No) is introduced in
Fig. 1. Other common parameters used are w; = Wy = wy,.

consider the case where the frequencies of the sender and
receiver are degenerate, i.e., w; = wy = w,,. Since the detun-
ing between the modes {a;, a;} and the intermediate mode
By will affect the excitation transfer efficiency, we will also
investigate the dependence of the excitation transfer on the
detuning.

In the following, we study the excitation transfer in these
four coupling configurations. When these three coupling
strengths g, G ,1, and G, | exist, we assume that the coupling
strengths are real. In the case G,; = G»,; = G, we can obtain

the mean excitation number of the receiver mode a, based on
Eq. (36),

Qg cos (gt /2)cos[(3g — A)t/2]
a 2Qk
(g+ A)sin (Qgt/2)sin[(3g — A)t /2]
+
2QR
2G*[cos(Qrt) — 1] + Q%
22

({@ar () =

; (40)

where Qr = /8G2 + (g + A)? with A = w,, — Q1. We can
see from Eq. (40) that the mean excitation number depends on
the detuning A and the coupling strengths g and G. Therefore,
the excitation transfer efficiency can be evaluated by calculat-
ing the maximum mean excitation number (&;&2>max for the
receiver mode a, corresponding to these four configurations
described in Fig. 2(a).

In Figs. 2(b) and 2(c), we plot the maximum value
(&;&z)max as a function of the coupling strength G and the
detuning A, corresponding to the presence and absence of
the direct coupling g, respectively, when the normal mode
B; is commonly coupled to both the sender mode a; and the
receiver mode a,. We can see from Fig. 2(b) that the single ex-
citation is near perfectly transferred in most cases, and that the
value of (&;&z)max is smaller than 1 for some parameters. For
example, based on Eq. (40), the maximum value (&;flz)max sat-
isfies (@)an)max = 4¢°/(3g — A)? < 1 when G = /g(g — A)
for A < g. When the connection between the sender and the
receiver is cut off, i.e., g = 0, the result is shown in Fig. 2(c).
We find that the maximum value (@}@)max = 1, for G # |A;
while (@)a2)max = 0.75 for G = |A|. In addition, when the
normal mode B is only coupled to either the sender mode a;
or the receiver mode ay, i.e., G»;; = 0 or G;,; = 0, we show
(&;&z)max as a function of G and A in Figs. 2(d) and 2(e). We
can see from Figs. 2(d) and 2(e) that the value of (&;&z)max
decreases as G increases, while it can reach 1 at G/|A| K 1.
The decay rate takes the largest value in the resonance case,
i.e., A = 0. This is because the excitation transfer between the
mode a; (ay) and the intermediate normal mode B is faster
in the resonance case A = 0. These results indicate that the
normal mode B; coupled to either the sender or the receiver
will inhibit the excitation transfer. We point out that the results
in these two cases (G»>; = 0 and G;; = 0) are the same.

For the case of G # G,,1, we calculate the maximum
mean excitation number (&;&g)max as a function of the cou-
pling strength G (G = G»,;1) and the detuning A with G;; =
0.008w,,. The results for these two cases (g # 0 and g = 0) are
shown in Figs. 2(f) and 2(g). In Fig. 2(f), the maximal value
(&;&ﬂmax decreases as G increases for the near-resonance case
when G # 0.008w,,, while the highly efficient transfer can
be achieved at G = 0.008w,, with A # 0.0036w,,. For g =0
[Fig. 2(g)], the value of (&;&z)max increases to unity and then
decreases as G increases, and (&;&ﬁmax =1at G =0.008w,,
and A # £G. These results indicate that a highly efficient
excitation transfer is possible in the near-resonance case only
when Gl,l = G2,1.
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FIG. 3. (a) Nine coupling configurations of the (2 + 2)-mode bipartite-graph networks, where the configurations are labeled by
(N1, N>, N3|Yes or No). [(b)—(j)] Maximum mean excitation number (&Z&g)max corresponding to these nine configurations depicted in panel
(a) vs the coupling strength G/w,, and the detuning A /w,,. Other parameters used are w; = w, = w,, and g = 0.01w,, when g exists.

B. Quantum excitation transfer in a (2 + 2)-mode
bipartite-graph network

We now turn to the (2 + 2)-mode bipartite-graph-network
case, in which there exist two intermediate normal modes. The
Hamiltonian of the (2 4 2)-mode bipartite-graph network can
be expressed as

a
N TP ay
Han = (@], &, Bl BY)H | 5 | 1)
B,
where the coefficient matrix reads
w1 g | Gin G
@ _ g w | G G
Hap = G| 0 ’ “42)
* *
1.2 2,2 0 Q2

with Q) = w,, — A and 2, = w,, + A. To analyze the trans-
fer of a single excitation from the sender mode a; to the
receiver mode a; in the (2 + 2)-mode bipartite-graph network,
we consider different coupling configurations by controlling
the coupling channels g and Gy ; with &, j = 1, 2. For conve-
nience, we assume that both the sender and receiver modes
have the same resonance frequency, i.e., w; = wy = @,,. Sim-
ilarly, we now assume for simplicity that, if the couplings
associated with the normal modes are present, all coupling
strengths are equal, i.e., Gx; = G. To ensure that the sender
and the receiver are directly or indirectly coupled, there exist
nine coupling configurations, as shown in Fig. 3(a).

Based on these nine coupling configurations, we can an-
alyze the transfer of a single excitation from the sender to
the receiver, and we also show the maximum value <&;&2)max
of the mean excitation number as a function of the coupling
strength G and the detuning A in Figs. 3(b)-3(j). We can
see from Fig. 3(b) that the (&;&z)max decreases with the in-
creasing G when the frequencies of the two normal modes
and the sender mode are nearly degenerate, i.e., A & 0. This
indicates that the normal modes coupled only to the sender
will degrade the excitation transfer efficiency from the sender
to the receiver.

From Fig. 3(c), we find that (&;&Z)max decreases when
increasing G in the case of G, ; = 0 and g # 0, and the decay
rate depends on the detuning A. For g =0, we see from
Fig. 3(d) that the maximum value (a;a2>max only reaches
0.8. These results indicate that the transfer efficiency of a
single excitation from the sender to the receiver can be sup-
pressed when the normal mode B; is only coupled to the
sender.

When both the sender and the receiver are coupled to
an individual normal mode, the maximum value (&;&z)max
as a function of G and A is shown in Fig. 3(e). We find
that the transfer efficiency can reach 1 for any G in the
case A = 0, while it decreases as G increases for 2| # 5.
When g # 0 and the two normal modes are coupled to both
the sender and the receiver, we see from Fig. 3(f) that the
maximum value (&;&z)max is nearly 1 when the frequencies
of the two normal modes are nondegenerate, i.e., 2| # 2».
However, the maximum value (&;&z)max is only 4/9 at G =

g/«/i when Qi = 2, = w,,. This is because there is a dark
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mode decoupled from the sender mode a; that suppresses the
transfer efficiency, and the dark mode can be expressed as
B_ = (B +B, — ﬁaz) /2. When the sender and the receiver
are not directly coupled, i.e., g = 0, we find from Fig. 3(g)
that (&;&z)max decreases from 1 to 0 as |A| increases. In this
case, the transfer efficiency can always reach 1 under proper
parameters.

When the normal mode B, is only coupled to the receiver,
the result for g # 0 (g = 0) is shown in Fig. 3(h) [Fig. 3(1)].
We find that the results are similar to those in Figs. 3(c) and
3(d). Meanwhile, the result in Fig. 3(j) is the same as that in
Fig. 3(b) when the two normal modes are only coupled to the
receiver. This phenomenon indicates that the normal modes
only coupled to either the sender or the receiver have the same
effect on the excitation transfer.

Based on the above analyses concerning the excitation
transfer in the (2 4 2)-mode bipartite-graph network, we can
deduce the following points: (i) The transfer efficiency de-
creases with the increase of the coupling strength G when
there is at least one normal mode coupled only to either the
sender or the receiver; (ii) the transfer efficiency can reach
1 for g # +/2G at A = 0 when the normal modes are jointly
coupled to both the sender and the receiver; and (iii) the trans-
fer efficiency can reach 1 for any G in the case of A = 0 for
the (2 + 2)-mode symmetric chain network. Based on these
analyses, we can infer the parameter conditions for highly effi-
cient excitation transfer in the (2 + 2)-mode bosonic network.

C. Quantum excitation transfer in a (2 + N)-mode
bipartite-graph network for N, = 3,4, 5

To further study quantum excitation transfer in the bosonic
networks under the bipartite-graph framework, we consider
N, =3,4,5 for the (24 N,)-mode bipartite-graph network
as examples. For our purposes, we now consider a general
(2 + 5)-mode bipartite-graph network, which can be reduced
to N, = 3, 4 by cutting off some connections. The Hamilto-
nian of the (2 + 5)-mode network can be expressed as

1
2

. (43)

oo 0 D

o ...
W

with the coefficient matrix

] g | Gi1 G Giz Gra Gis

g W | Go1 Gay Gz Gy Gos

Gi, G| 0 0 0 0

HS = Gi, G5, 0 Q) 0 0 0

2 2 0 0 Q3 0 0

Giy G54 0 0 0 Q4 0

0 0 0 0 Qs
(44)
We can find from Eq. (44) that there are 36 coupling con-
figurations by controlling the coupling strengths g, G ;
with k=1,2 and j=1,2,...,5. Here we only show
the results for six typical configurations as examples in
Fig. 4(a). For convenience, we denote these configurations

as (N1, N, N3|Yes or No). Here N. = N; + N, + N3, and the
notation “Yes” (“No”’) means that the sender and the receiver
are directly connected (disconnected). Note that, in our simu-
lations, we consider that there exists a frequency distribution
for these intermediate modes corresponding to Ny, N, and N3,
when Ni, N>, N3 > 1.

Based on Eq. (36), we numerically calculate the mean
excitation number (&;&z(t)) and show the maximum value
(&Z&z)max as a function of G/w,, and A/w,, [see Figs. 4(b)—
4(g)]. Here we consider that all the coupling strengths Gy ; are
real and equal, i.e., Gt ; = G. We see from Fig. 4(b) that the
maximum value (&;&z)max is symmetric with respect to A =
0, and it decreases as G increases in the case of (3, 0, 0| Yes),
which means that the transfer efficiency can be suppressed
when these three normal modes are only coupled to the sender.
In the two cases (0, 3, 0| Yes) and (0, 3, 0|No), both the sender
and the receiver are commonly coupled with three normal
modes, the numerical results are shown in Figs. 4(c) and
4(d). Figure 4(c) indicates that (&;&z)max ~1atG+#g/V3;
while (&;&z)max =4/9 when G = g/+/3 in the degenerate
case, i.e., A = 0. This is because there are three dark modes
with respect to the sender mode a; in this case, and hence the
excitation cannot be completely transferred from the sender to
the receiver.

When g =0, we see from Fig. 4(d) that the <&;a2>max
reaches 1, which means that the excitation in the sender can
be completely transferred to the receiver through the paths
a1 — Bj_123 — a> in the case of (0, 3, 0|No). When these
three normal modes B, , 3 are coupled to the sender and the
single normal mode By is coupled to the receiver, we show
the <&;a2>max as a function of the coupling strength G and the
detuning A in Fig. 4(e). We can find that the value of (&;&z)max
decreases when increasing G, which means that the transfer
efficiency is suppressed in this case.

For the two cases (1, 3, 1/Yes) and (1, 3, 1|No), we also
numerically simulate (&;&z)max as a function of G/w,, and
A/w, in Figs. 4(f) and 4(g), respectively. We find that
(&;&z)max =0.7713 at G/w,, = 0.0185 and |A|/w,, = 0.0675
for g/w,, = 0.01, which means that these transmission paths
exhibit a destructive interference under this parameter con-
dition and the single excitation transfer efficiency from the
sender to the receiver is suppressed. When g = 0, we find from
Fig. 4(g) that (a}@) max approaches 1.

Based on the above analyses, we can see that the
bipartite-graph framework is convenient for studying quantum
excitation transfer in a bosonic network with finite normal
modes. It can be used to simplify the network configuration
and to optimize the analyses of the transfer paths, thereby
giving the parameter conditions for a highly efficient quantum
transfer. Crucially, this framework also facilitates the eluci-
dation of the generation mechanism of dark modes. In the
bipartite-graph representation, a dark mode appears when a
linear superposition of intermediate normal modes exhibits
zero effective coupling to both the sender and receiver modes
[98]. Consequently, the excitations within such modes be-
come trapped and cannot reach the receiver mode. To identify
the parameter conditions for achieving an efficient transfer
in the cases of N. =1, 2, ..., 5, we introduce Table I. Fur-
thermore, using the transformation relation in Eq. (6), the
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FIG. 4. (a) Six coupling configurations of the (2 4+ N,)-mode bipartite-graph networks with N, = 3,4, 5, where the configurations are
labeled by (Ny, N,, N3|Yes or No). [(b)—(g)] Maximum mean excitation number (&;&Z)max as a function of the coupling strength G/w,, and
the detuning A/w,, corresponding to these six configurations depicted in panel (a). Here we consider all real coupling strengths Gy ; to be
equal. The frequencies of these normal modes are Q2 = w,, — A, Q; = @y, Q23 = W, + A in panels (b)—(d), Q| = w,, — A, Q2 = Q4 =
W, 3 = W, + A in panel (e), and 2, = w,, — A, Q24 = w, + A, Q) = Q3 = Q5 = w, in panels (f) and (g). Other parameters used are
W] = Wy = Wy,.

TABLE 1. Summary of the transfer efficiency for various network configurations within the single-excitation subspace. “Always” (“Never”)
indicates that a highly efficient (close to 1) transfer is always (never) possible, while “Conditional” indicates that a highly efficient transfer
requires certain conditions of the detuning A and the coupling strengths G and g. The frequencies of a; and a, used in our simulation are
resonant (w; = w> = w,,) and all coupling strengths between the sender or receiver mode and the normal modes By, are identical (G, ; =
G, j=Gforj=1,2,...,N.). The notation (N;, N,, N3| Yes or No) with N. = N; + N, + Nj is introduced in Fig. 1.

N.=0,1 N, =2 N.=3,4,5
Highly Highly Highly
efficient efficient efficient
Configurations transfer Conditions Configurations transfer Conditions Configurations transfer Conditions
(0,0, 0|Yes) Always (2,0,0]Yes) Conditional G < |A| (3,0,0]Yes) Conditional G < |A|
(0, 1, 0| Yes) Conditional G # /g(g— A) (1,1,0|Yes) Conditional G < |A| (0,3,0]Yes) Conditional G # g/\/§
(0, 1, 0|No) Conditional G # £A (1, 1, 0|No) Never (0, 3, 0|No) Always
(1,0, 0] Yes) Conditional G K |A] (1,0,1|Yes)  Conditional A=0 (3,0,1]|Yes) Conditional G <K |A]|
0,0, 1|Yes) Conditional G LA (0,2,0]Yes) Conditional G # g/\/f (1,3,1|Yes) Conditional G < |A|
(0,2, 0|No) Conditional A=0 (1,3, 1|No) Always
(0,1,1]Yes) Conditional G < |A]
(0,1, 1|No) Never

(0,0, 2|Yes) Conditional G KA
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parameter conditions corresponding to a highly efficient quan-
tum transfer in the original bosonic network can be obtained
accordingly.

D. Excitation transfer efficiency for the (2 + N,.)-mode network
with a finite N, under the dissipations

In the open system case, the networks inevitably suffers
from the dissipations due to the couplings of the system with
its environment. As a result, the dynamical evolution of the
network becomes nonunitary, leading to an energy loss and
reduced excitation transfer efficiency. To capture the dissipa-
tions, we assume that each node on the network is coupled to
its own local vacuum environment.

To quantitatively evaluate the performance of the excitation
transfer under the dissipations, we calculate the cumulative
output [99,100] from the receiver mode into its local vacuum
environment. Physically, the excitations dissipated into the
environment of the receiver mode should be transferred from
the sender mode to the receiver mode in advance. Therefore,
the total number of the excitations emitted from the receiver
provides a natural and faithful measure of the transfer effi-
ciency in the presence of dissipations. Concretely, we adopt
the input-output relation [101,102]

Oin(t) + oou(t) = V/ko(t) (45)

for a bosonic mode, where the input field operator 0;,(¢) and
the output field operator o4, (#) corresponding to the bosonic
mode are given by

on(t) = L dwe ™" "e(w, 1),  (46a)
mn \/E = s L0 ),
L dwe™" =) 46b
Oout(?) NeT we c(w, 1). (46b)
—00

Here c(w, ty) and c(w, t;) are the annihilation operators
of the continuous modes for its environment at the initial
time fy and the final time f;, respectively. They satisfy the
standard bosonic commutative relation [c(w, #;), ¢/ (&', ;)] =
8(w — ') fori=0,1.

To calculate the cumulative output of the receiver mode a,
we assume that the initial field is a vacuum. Based on Eq. (45),
the cumulative output of the receiver mode a; is given by

o0
N = €2 / (@), 47)
0

where the mean excitation number (a;az (t)) is given in
Eq. (36). For the present system, there exists the conservation
law
Ny
Na, ,out + Nay ,out + Z 77B,v,out = 1: (48)
j=1

where 74, out and 1B;.out are the cumulative output of the
sender mode a; and the jth normal mode B, respectively.

As examples, we consider the case where the nor-
mal modes are coupled simultaneously to both the sender
mode a; and the receiver mode ay, i.e., the configuration
(0, N, 0] Yes or No). We examine these six cases by choos-
ing N, = 1,2, 3. For convenience, we consider that all the
decay rates are identical, i.e., k1 = k2 = y1.N, = k, so that

(a) (0,1,0| Yes) (b) (0,1,0| No)
0.4 > 0.3
0.3
0.15
0
‘0o 1 1 0
o 2 0
/g 10x A/ O
(d) (0,2,0| No)
0.3
0.3
0.15
0
/09 0 1 0
+O/ 2 -1 0
= 10X A/ O
(D (05350 | NO)
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Yo 27T 0 1
2 10 A @

FIG. 5. Cumulative output 7,, o, of the receiver mode a, as a
function of the coupling strength G/w,, and the detuning A /w,, for
the coupling configurations (0, N>, 0| Yes or No) with N, =1, 2, 3.
The decay rates are [(a) and (b)] 31 = 0.0lw,, [(c) and (d)]
y1 = y» = 0.0lw,,, and [(e) and (f)] y; = y» = 3 = 0.01lw,,. Other
parameters used are w; = wy = Wy, k1 = k2 = 0.0lw,, and g=
0.01w,, when g exists.

these noise operators in Eq. (29b) can be expressed as
F,(t) = /xoin(t) with o= {a;, ay, By,}. In this case, we
display the cumulative output 7,4, ou as the coupling strength
G/w,, and the detuning A /w,, in Fig. 5.

For the case of N, = 1, when g # 0 [Fig. 5(a)], the cu-
mulative output n,, out decreases as the coupling strength G
increases at A < g. The strongest suppression occurs under
the condition G = /g(g — A), in consistent with the results in
the closed-system case. In contrast, when the direct coupling
vanishes, i.e., g = 0, we can see from Fig. 5(b) that the cumu-
lative output increases as the coupling strength G increases,
with the fastest growth occurring at resonance A = 0.

When the two normal modes are simultaneously coupled to
the sender mode and the receiver mode, the output behaviors
become more intricate. For the case of g # 0 [Fig. 5(c)], the
cumulative output 7,4, ou €xhibits a nonmonotonic dependence
on the coupling strength G near the resonance. It first de-
creases and then increases as G grows. The minimum output
appears precisely at the parameter condition under which a
dark mode emerges. This is because the initial excitations
trapped in the dark mode will leak into the environment
through the dissipation channel of the sender mode a,, thereby
reducing the transfer efficiency to the receiver mode a,. In
analogy to Fig. 5(b) for g = 0, we see from Fig. 5(d) that the
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FIG. 6. (a) Schematic of the sender and the receiver coupled to three different effective baths. (b) The maximum mean excitation
number (&;aZ)max vs the effective decay rate k in two cases: k| =k, ky = y12 = 0, g = 0.01lw,, (red solid curve) and k, =k, k; = Y12 =
0, g = 0.0lw,, (blue dashed curve). [(c)—(k)] The maximum mean excitation number (&;&2),““ vs the effective decay rates {k) ., 12} in
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Kip=K,Y12=1Y,8 = 0.0lw,. Note that the label (N, N,, N3|Yes or No) in panels (b)—(k) indicates the distribution of N. = N; + N, + N3
normal modes and whether there is a connection between the sender and the receiver. Other commonly used parameters are w; = w; = @,,.

cumulative output exhibits a monotonically increasing trend
as the coupling strength G increases and reaches its maximum
at resonance A = 0.

Meanwhile, we also analyze the case where these three
normal modes are commonly coupled to the sender mode
and the receiver mode. When a direct coupling is present,
we can see from Fig. 5(e) that the cumulative output 74, out
first decreases and then increases as the coupling strength
G increases. Notably, the dip under resonance occurs at the
parameter condition under which a dark mode emerges. We
also find from Fig. 5(f) that the cumulative output increases
monotonically as G increases and reaches its maximum at
resonance for g = 0. Note that when these normal modes are
commonly coupled to the sender mode and the receiver mode,
i.e., with the coupling configuration (0, N,, O|Yes or No), a
highly efficient excitation transfer from the sender mode a,
to the receiver mode a; occurs at G/A < 1 for g # 0, while
it only occurs at resonance A = 0 for g = 0.

V. QUANTUM EXCITATION TRANSFER IN THE
BIPARTITE-GRAPH NETWORK WITH INFINITE N,

In this section, we investigate the transfer of a single ex-
citation from the sender to the receiver in a (2 + N.)-mode

bipartite-graph network with an infinite N, normal modes. In
particular, we consider the case where the values of Ny, N>, N3
take infinity when N;— » 3 exist in the coupling configurations
of the bipartite-graph network. Namely, N;—_; » 3 = 0 (c0) im-
plies there are no (exist) couplings between the sender and
receiver and the intermediate normal modes. We should point
out that, in a realistic case, the number of these intermediate
modes is very large, but it is still finite. Here we assume that
the number is infinite so that we can treat these intermediate
modes as baths, and then the evolution of the system can be
described by quantum master equation.

In the above-mentioned cases, the Hamiltonian of the net-
works is given by Eq. (12). Here the sender mode a; and
the receiver mode a, are only coupled to Ny and N3 normal
modes, respectively, and they are commonly coupled to N,
normal modes. When N;—; » 3 approach infinite, we assume
that these intermediate normal modes initially in vacuum can
be treated as equivalent vacuum baths with discrete mode fre-
quencies. Thus, the bipartite-graph network can be described
by a two-bosonic-mode system coupled to three effective vac-
uum baths, as shown in Fig. 6(a). Then the quantum transfer
process of a single excitation from the sender to the receiver in
a bipartite-graph network can be reduced to a single-excitation
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transfer process between two bosonic modes connected to
three vacuum baths.

In the above-mentioned infinite-N, case, the evolution of
the system is determined by the quantum master equation

dp(t) A A N PO
PP —i[Hy, p(1)] + D(Jr1an)[p )] + D(Vikza)[p(1)]
+ D11 + /v202)[p(D], (49)
where the Hamiltonian reads
Ay = 001 + onilin + (g2jay + g'ajar).  (50)

The Lindblad superoperator is defined as Z)(O)[,?)(t)] =
O0p)O" — p(1)0TO/2 — OTOp(1)/2. Here the variables «,
y1 (k2, y») are the decay rates associated with the collective
couplings of the sender (receiver) with these Ni, N, (N3, N)
normal modes, which are defined as

K2 = 27702(w) G5 (@Wn),
V2 = 2m03(wn)G5(@0p). (51)

In Eq. (51), 0123 are the spectral densities of these three
effective baths, and G, (G,) is the effective coupling strength
between these baths and the sender mode a; (receiver mode
a). In Eq. (49), the second and third terms describe the
dissipations caused by the two effective baths 1 and 3, while
the last term depicts the dissipation caused by the common
effective bath 2.

We emphasize that the derivation of Eq. (49) relies on the
flat-spectral-density approximation, i.e., Weisskopf-Wigner
approximation. This approximation is justified by the contin-
uum limit (N;=; 3 — ©0) and the weak-coupling condition

K1 = 2701 (0n)GF(Wn),
Y1 = 2m03(0n) G (),

where the coefficient matrix is introduced as

K1 +ni
0

JYiy: +ig
3NY1YV2 — 18

= =

1
2
%«/71)/2 +ig

Vv —ig 5 Z?:N‘j +v)

(G < w,,). Under these conditions, the intermediate normal
modes form a quasicontinuous band, and the bath correlation
functions decay on a timescale much faster than the char-
acteristic evolution time of the sender-receiver subnetwork.
Consequently, the spectral densities o > 3(w) can be treated as
locally flat in the vicinity of w,,. However, when the coupling
strengths G| » become comparable to the system frequencies,
non-Markovian memory and recurrence effects may become
significant. Furthermore, for large but finite N, 3, the spec-
trum of the intermediate modes remains discrete, which may
lead to deviations from the flat-spectral-density prediction. In
these cases, Eq. (49) is no longer valid. Hence, our subsequent
study of quantum excitation transfer in the infinite-normal-
mode case is conducted under these conditions.

For the bipartite-graph network depicted in Fig. 6(a), we
can investigate the transfer of a single excitation for differ-
ent coupling configurations by controlling these parameters
K12, V1.2, and g. Here we assume that the coupling strength
g is real. By disconnecting these couplings, there are eleven
coupling configurations. For readability, we label these 11
coupling configurations as [N}, N>, N3|Yes or No], where the
mark “Yes” (“No”) denotes that the sender and the receiver
are connected (disconnected).

By introducing the vector

M@) = (@), (@3a0), (@ja), @a)l",  (52)
the equation of motion can be written as
dM(t)
= —DM(?), 53
R () (53)
VY tig N
N VT +ig s

0

2
0 3221+ )

By solving Eq. (53), we can obtain the dynamical evolution of the mean excitation number of the receiver mode a, and its

maximum value (&;&z)max.

For the case of Ny = N, = 0 (N, = N3 = 0), we can obtain the maximum mean excitation number of the receiver mode,

exp | — > arctan (K'l%‘;:—)_%;z) - %], 0 < K12y < 228,
. exp | — 2 arctan (é(];:—)—?;;z)]’ 2328 < K12y < 4,
<a2a2>max = B (55)
e Ki2) = 48,
__ K1) K10 +4/Kip) 168
exp In . K1) > 4g,
i «/Kf(2>716g2 K1(2)7«/K]2(2>716g2

with A% = 16g%> — /(12(2) > (0. The different branches in
Eq. (55) correspond to different damping regimes of the effec-
tive two-mode dynamics, with ko) = 2\/§g and k) = 4g
marking the critical points. To analyze the transfer of a single
excitation in the two cases, we plot (&;&z)max as a function
of the effective decay rates k;, when the single excitation is
initially in the sender mode a;, as shown in Fig. 6(b). We

(

find that the value of (&;&z)max decreases exponentially as
k1 increases. The result means that Ny (V3) normal modes,
which are only coupled with the sender (receiver), degrade
the transfer efficiency as the effective coupling strength G
(G») increases. Note that the effective bath coupled only to
the sender has the same influence on the transfer efficiency as
the bath coupled only to the receiver.
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When the sender and the receiver are only coupled to
the common bath, we can obtain the dynamical evolution of

(abar (1)) as

(56)

it a 2( +4g%) 1
@y = - 2T [——r(yl + Vz):|
A2 2
JAZ— A2 VAS+ A3
x |cosh | ————¢| — cosh | ——¢
242 22
with
A = [(n1 + »)* — 16¢71'2, (57a)
Az = (A5 + 2568y y)'2. (57b)

Based on Eq. (56), we can obtain the maximum mean
excitation number of the receiver for the case of g = 0 as

Yiy2

i +»)? 8)

<&;&2>max =

We find that (&;&z)max only depends on the decay rates y;
and y,. We plot <a;a2>max as a function of the decay rates
y1 and y», as shown in Fig. 6(c). We see from Fig. 6(c) that
the maximum mean excitation number decreases as |y; — |
increases when y; # y,. For y; = y», the value of (&;&2)max is
always equal to 0.25. This is because the dark mode consisting
of the sender and receiver modes is decoupled from the effec-
tive bath 2, and 25% of the excitations in the receiver mode
a, associated with this dark mode cannot be transferred to
the effective bath 2. Note that the maximum mean excitation
number is symmetric about y; = y».

When g # 0, we display the dependence of the maximum
mean excitation number on y; and y, based on Eq. (56) in
Fig. 6(d). We find that the mean excitation number of the
receiver mode a; can reach 1 for y; = y, = 0, which means
that the transfer efficiency from the sender to the receiver
only through the connection g is equal to 1. However, when
y1 # 0 and y, # 0, the transfer efficiency decreases as y; (y2)
increases at y; > ¥, (y1 < y»2). Meanwhile, when y; = y», the
transfer efficiency first decreases and then approaches 0.25 as
y increases, which can be explained with the dark-mode effect
based on the dark-mode theorem [98].

We also investigate the single excitation transfer when
either only one of Ny, N, and N; is 0, or none of them is
0. We plot the maximum mean excitation number (&;&z)max
as a function of the effective decay rates {«;», 12} when
the excitation is initially in the sender mode a;. These results
are shown in Figs. 6(e)-6(k). In Figs. 6(e) and 6(f), we show
(@a2)max as a function of k (k; =«) and y (y1 = y2 =)
in the two cases (00, 0o, 0|No) and (o0, 00, 0|Yes). We find
that the phenomena are the same as those for the two cases
of (0, oo, 0|No) in Fig. 6(c) and (0, oo, 0| Yes) in Fig. 6(d) for
k = 0. When « # 0, the value of (&;&z)max decreases to O as
k increases, which means that the effective bath 1 inhibits the
transfer of a single excitation from the sender to the receiver.
When the sender and the receiver are coupled to two individ-
ual effective baths 1 and 3, marked (o0, 0, co|Yes), we show
(&;&2>max as a function of «; and k, in Fig. 6(g). As either

K1 Or Kk increases, the value of (fl;flz)max decreases from 1 to
0, which indicates that the individual effective baths degrade
the transfer efficiency. In the two cases of (0, co, oo|No) and
(0, 00, co|Yes), we show <a;a2>max as a function of k¥ (ky = «)
and y (y; = y» = y) in Figs. 6(h) and 6(i). The phenomena
are the same as those in the two cases of (00, 00, 0|No) in
Fig. 6(e) and (oo, 00, 0|Yes) in Fig. 6(f). When all these
three effective baths exist, we consider the cases xj, =k
and y; » = y and show the maximum mean excitation number
(&;&z)max of the receiver as functions of k and y in Figs. 6(j)
and 6(k). We see that the value of (&;&z)max decreases to 0
as k increases, which means that the effective baths 1 and 3
suppress the excitation transfer. Based on the above analyses,
we find that the effective vacuum bath 2 has a certain positive
effect on the single-excitation transfer, while the effective
vacuum baths 1 and 3 degrade the single-excitation transfer.

To include the dissipations, we assume that each node in
the coupled bosonic network interacts with its own vacuum
bath. Compared with the originally idealized configuration
shown in Fig. 6(a), these environmental couplings will modify
the system dynamics. For the sender mode a; and the receiver
mode a,, the presence of the baths implies the introduction
of two additional decay channels, so their effective decay
rates become &1 = k12 + k| ,, where k| and k; denote the
decay rates of the sender mode a; and the receiver mode
a, associated with their individually coupled environments,
respectively. Similarly, the individual baths of these interme-
diate normal modes will lead to the modification of the decay
rates 1 » — ¥1.2. In this case, the system can still be described
within the open sender-receiver framework, and then the ex-
citation transfer efficiency from modes a; to a, can also be
described by Figs. 6(g), 6(j), and 6(k).

VI. DISCUSSIONS AND CONCLUSIONS

Finally, we present some discussions on the experimental
realization of the present scheme. In principle, our scheme
can be realized based on all bosonic-mode platforms, pro-
vided that they possess three key capabilities: the controllable
resonance frequencies of these bosonic modes, the tunable
inter-mode couplings between these bosonic modes, and
the preparation and measurement of the average excitation
number in the sender and receiver modes. In our scheme,
the bosonic mode can be realized with the superconducting
transmission-line resonator, whose resonance frequency can
be adjusted by controlling the magnetic flux threading through
a series of SQUIDs embedded within the resonator [103],
where the resonance frequency varies from 27 x 4 GHz to
27 x 7.8 GHz. This allows the frequencies of these bosonic
modes to be set according to the optimal transfer condi-
tions identified in the bipartite-graph framework. Once the
frequencies are tuned, the interaction strength between the
modes can be independently controlled via a nonhysteretic
rf-SQUID placed between the resonators, serving as a flux-
tunable mutual inductance [104]. By varying the magnetic
flux through the rf-SQUID, the intermode coupling can be
tuned. In Ref. [104], the nearly frequency-degenerate su-
perconducting transmission line resonator has the resonance
frequency w;/2m = 6.482 GHz, and the coupling strength
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G/2m between the resonators varies from —302 MHz to
37 MHz, named G/w; = —0.046-0.0057. Thus, the param-
eters used in our simulations are within the reach of current
experimental conditions. With the frequencies and couplings
tuned, the initial average excitation of the sender mode can
be created by coupling the transmission-line resonator to a
superconducting qubit. By driving the qubit with a proper
pulse, the qubit can be excited. Then the single created ex-
citation can be flipped into the transmission-line resonator
by a 7 /2 resonant evolution [105]. In addition, the average
excitation number of the receiver mode can be dispersively
measured through the emission spectrum of the qubit. This
is because the Stark shift of the qubit is related to ((1;(&) in
the dispersive Jaynes-Cummings model [105]. Based on the
above discussions, we can see that these capabilities provide
a practical route to the experimental implementation of our
scheme.

In conclusion, we have proposed a bipartite-graph frame-
work to regularize quantum excitation transfer in a (2 +
N)-mode coupled bosonic network consisting of one sender,
one receiver, and an intermediate-mode subnetwork with
N bosonic modes. By diagonalizing the N intermediate
modes, the (24 N)-mode network is transformed into a
bipartite-graph network, which can provide great advantage
for analyzing quantum resource transfer on the network. In
the bipartite-graph framework, we can simplify the network
configuration and optimize the transfer paths, thereby ob-
tain the parameter conditions for a highly efficient quantum
transfer. We have also derived the QLE and established the
relation between the CM in both the original and bipartite-
graph representations. Furthermore, we have confirmed the
excitation transfer efficiency in this network when a single
excitation is initially in the sender. For finite normal modes,
we have found that the excitation transfer efficiency depends
on both the network configurations and the system parameters.
For infinite normal modes, these intermediate normal modes
are treated as the effective vacuum baths containing discrete
bosonic modes. We have derived quantum master equation to
govern the evolution of the sender-receiver subnetwork un-
der the Weisskopf-Wigner approximation and revealed the
relationship between the transfer efficiency and the effective
decay rates for different coupling configurations. It has been
found that the effective vacuum bath coupled to either the

sender or the receiver suppresses the transfer efficiency. In
contrast, the common effective vacuum bath coupled to both
the sender and the receiver provides a coherent channel that
maintains a transfer efficiency of 0.25. The bipartite-graph
framework will offer a new insight for understanding and
implementing resource transfer in complex and large-scale
classical and quantum networks.
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